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Foreword

The main topics of the book are the theory of gearing, computerized design, generation,
simulation of meshing, and stress analysis of gear drives. The first edition of the book
is already considered the leading reference in the field by the engineering community,
but this edition complements the first with new chapters and thoughtful revision of the
previous version, which will make it very useful for the design and manufacture of gear
drives.

New ideas of gear design presented in the book include:

(1) Development of gear drives with improved bearing contact, reduced sensitivity
to misalignment, and reduced transmission errors and vibration. These goals are
achieved by (i) simultaneous application of local synthesis of gear drives and com-
puterized simulation of meshing and contact and (ii) application of a predesigned
parabolic function of transmission errors that is able to absorb linear functions of
transmission errors caused by misalignments.

(2) Development of enhanced finite element analysis of stresses with the following
features: (i) the contacting model of teeth is developed automatically, on the basis
of analytical representation of equations of tooth surfaces; (ii) the formation of
bearing contact is investigated for several pairs of teeth in order to detect and
avoid areas of severe contact stresses.

(3) Improved conditions of load distribution in planetary gear trains by modification
of the applied geometry and regulation of installment of planet gears on the carrier.

New approaches are presented for gear manufacture that enable (i) grinding of face-
gear drives by application of a grinding worm of a special shape and (ii) design and
manufacture of new types of helical gears with double-crowned pinions for obtaining
localization of bearing contact and reduction of transmission errors.

The developed theory of gearing presented in the book will make the authors the
experts in this area. The book includes the solution to the following important complex
problems:

(i) development of new approaches for determination of an envelope to the family of
surfaces including the formation of the envelope by two branches;

(ii) avoidance of singularities of tooth surfaces and undercutting in the process of
generation; and

Xii



Foreword Xiii

(iii) simplification of the contacting problem by a new approach for the determination
of principal curvatures and directions of an envelope.

The developed ideas have been applied to the design of gear drives, including a new
version of Wildhaber—Novikov helical gear drives, spiral bevel gears, and worm-gear
drives. Computerized simulation of meshing and contact and testing of prototypes of
gear drives have confirmed the effectiveness of the ideas presented in the book. Three
patents for new manufacturing approaches have been obtained by Professor Faydor L.
Litvin and representatives of gear companies.

The main ideas in the book have been developed by the authors and their associates at
the Gear Research Center of the University of Illinois at Chicago. They have also been the
subject of a great number of international publications of permanent interest. Thanks to
the wonderful leadership of Professor Faydor L. Litvin, who is universally well known
in the field of gears, this Center has involved representatives of various universities in
the United States, Italy, Spain, and Japan in gear research. The publication of this book
will certainly enhance the education and training of engineers in the area of gear theory
and design of gear transmissions.

Prof. Eng. Graziano Curti
Politecnico di Torino, Italy



Preface

The contents of the second edition of the book have been thoroughly revised and sub-
stantially augmented in comparison with the first edition of 1994.
New topics in the second edition include the following new developments:

(1) A new geometry of modified spur gears, helical gears with parallel and crossed
axes, a new version of Novikov—Wildhaber helical gears, a new geometry of face-
gear drives, geometry of cycloidal pumps, a new approach for design of one-stage
planetary gear trains with improved conditions of load distribution, and a new
approach for design of spiral bevel gear drives with a reduced level of noise and
vibration and improved bearing contact.

(2) Development of an enhanced approach for stress analysis of gear drives by applica-
tion of the finite element method. The advantage of the developed approach is the
analytical design of the contacting model based on the analytical representation of
the gear tooth surfaces.

(3) Development of a new method of grinding of face-gear drives, new methods of
generation of double-crowned pinions for localization of the bearing contact and
reduction of transmission errors, and application of modified roll for reduction of
transmission errors.

(4) Broad application of simulation of meshing and tooth contact analysis (TCA) for
determination of the influence of errors of alignment on transmission errors and
shift of the bearing contact. This approach has been applied for almost all types of
gear drives discussed in the book.

(5) The authors have contributed to the development of the modern theory of gearing.
In particular, they have developed in this new edition of the book (i) formation of an
envelope by two branches, (ii) an extension of simulation of meshing for multi-body
systems, (iii) detection of cases wherein the contact lines on the generating surface
may have their own envelope, and (iv) detection and avoidance of singularities of
generated surfaces (for avoidance of undercutting during the process of generation).

The authors are grateful to the companies and institutions that have supported their
research and to the members of the Gear Research Center of the University of Illinois
at Chicago who tested their ideas as co-authors of joint papers (see Acknowledgments).
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| Coordinate Transformation

1. HOMOGENEOUS COORDINATES

A position vector in a three-dimensional space (Fig. 1.1.1) may be represented (i) in
vector form as

where (i,,,, j, k) are the unit vectors of coordinate axes, and (ii) by the column matrix

L= | Ym | - (1.1.2)

The subscript “m” indicates that the position vector is represented in coordinate system
Sy (Xms Yim» 2m). To save space while designating a vector, we will also represent the
position vector by the row matrix,

T = (X Y 2wl (1.1.3)

The superscript “T” means that rl is a transpose matrix with respect to t,,.

A point—the end of the position vector —is determined in Cartesian coordinates with
three numbers: x, y, z. Generally, coordinate transformation in matrix operations
needs mixed matrix operations where both multiplication and addition of matrices
must be used. However, only multiplication of matrices is needed if position vectors are
represented with homogeneous coordinates. Application of such coordinates for
coordinate transformation in theory of mechanisms has been proposed by Denavit &
Hartenberg [1955] and by Litvin [1955]. Homogeneous coordinates of a point in a three-
dimensional space are determined by four numbers (x*, y*, z*, #*) which are not equal
to zero simultaneously and of which only three are independent. Assuming that #* # 0,
ordinary coordinates and homogeneous coordinates may be related as follows:

X=— y="= 2=—. (1.1.4)



2 Coordinate Transformation

T

Tm Figure I.1.1: Position vector in Cartesian coordi-
nate system.

Om Zm

Ym

With t* = 1, a point may be specified by homogeneous coordinates such as (x, y, z, 1),
and a position vector may be represented by

Xm

Ym
Zm

T = [Xm Ym  Zm 1]T.

1.2 COORDINATE TRANSFORMATION IN MATRIX REPRESENTATION

Consider two coordinate systems S,,,(X5 Vims Zm) and S,(xu, Vs 2,) (Fig. 1.2.1). Point
M is represented in coordinate system S,, by the position vector

Iy = [xm Ym Xm 1]T . (121)
The same point M can be determined in coordinate system S, by the position vector
— T
=[xy Y zn 1] (1.2.2)

with the matrix equation

r, = M,,.1,,. (1.2.3)



1.2 Coordinate Transformation in Matrix Representation

Tm

Om
Figure 1.2.1: Derivation of coordinate transforma- Yn 9
tion. Ty {0
i
Zn
o
(on)
Yn
Matrix M,,,,, is represented by
[ay an a3 aw
M, — azl A4y a3 a4
a3zl aszy 4as3z das4
L 0 0 0 1
i (i - 1) (ln]m) (i ki) (04O -ip)
L 0 0 0 1
[ cos(x Xm)  COS(Xm Y)  COS(%m Zm) 22"
COS(Yr X)  COS(Y ) COS(Yis Zm) Wi
= - - - (O) (1.2.4)
cos(2y, X)  COS(Z7, ym) cos(z, Zm) "
L 0 0 1

Here, (i, j., k) are the unit vectors of the axes of the “new” coordinate system;
(i Jm» Kin) are the unit vectors of the axes of the “old” coordinate system; O, and
O, are the origins of the “new” and “old” coordinate systems; subscript “nm” in the
designation M,,,,, indicates that the coordinate transformation is performed from S,, to



4 Coordinate Transformation

S,. The determination of elements aj, (k =1,2,3; ] = 1,2, 3) of matrix M,,,,, is based
on the following rules:

(i) Elements of the 3 x 3 submatrix

ain di a3
Liw=1|ax axn ax (1.2.5)
asy aszy ass

represent the direction cosines of the “old” unit vectors (i, ju, ki) in the “new”
coordinate systems S,,.. For instance, a21 = cos(yy, %), 432 = €08(2z, Ym), and so
on. The subscripts of elements ay; in matrix (1.2.5) indicate the number / of the
“old” coordinate axis and the number & of the “new” coordinate axis. Axes x, y, z
are given numbers 1, 2, and 3, respectively.

(ii) Elements a14, a2, and az4 represent the “new” coordinates x.°", yi2, {0 of
the “old” origin O,,.

Recall that nine elements of matrix L,,, are related by six equations that express the
following;:

(1) Elements of each row (or column) are direction cosines of a unit vector. Thus,
at, +alh, +afy =1, at, +a3 +a3 =1, (1.2.6)
(2) Due to orthogonality of unit vectors of coordinate axes, we have
[a11 a1z a13][a21 a2 a3]" =0
[a11 a21 az1][a12 a2 6132]T =0. (1.2.7)

An element of matrix L,,,, can be represented by a respective determinant of the second
order [Strang, 1988]. For instance,

ailr a1z
asy asz

ay = |92 9 g = (1) : (1.2.8)
a3y asz

To determine the new coordinates (x,, ¥, 24, 1) of point M, we have to use the rule
of multiplication of a square matrix (4 x 4) and a column matrix (4 x 1). (The number
of rows in the column matrix is equal to the number of columns in matrix M,,,,,.)
Equation (1.2.3) yields

Xy = A11%Xm + A12Ym + A132m + A14
VYn = A21%m + @22 Ym + 323%m + A24 (1.2.9)
Zpn = a31%m + a32Ym + A33%m + a34.

The purpose of the inverse coordinate transformation is to determine the coordinates
(X, Ym» Zm), taking as given coordinates (x,, yu, 2,). The inverse coordinate transfor-
mation is represented by

I, = M,,.1,. (1.2.10)

The inverse matrix M,,,,, indeed exists if the determinant of matrix M,,,,, differs from
zero.



1.2 Coordinate Transformation in Matrix Representation 5

There is a simple rule that allows the elements of the inverse matrix to be determined
in terms of elements of the direct matrix. Consider that matrix M,,,,, is given by

a1l ai12 413 ai4
M a ax 4 axu (1.2.11)
Tl az azn asz az4 | -

o 0 O 1

It is necessary to determine the elements of matrix M,,,,, represented by

[b11 bia b1z by’
by by byz by
by bu by by (1.2.12)

L0 0 0 1

Here,

an = M_l anMnm =1

nm?

where I is the identity matrix.
The submatrix L,,,, of the order (3 x 3) is determined as follows:

bir by bz ailr a1 asi
Lmn = b21 bzz b23 = aly d4azy asp = L;{m. (1.2.13)
b31 b32 b33 aiz 4a3 ass

The remaining elements (b14, by4, and b34) are determined with the following equations:

tdq11: 412 413 1Aai4
b ( i n ) = a1t Ay Az 1Az
14 = —(d11414 T Aa21424 T A31434 -
3143 tasz1 a3z aszz 1 dasz4:
:0: 0 0 :1:
ail a1 A1z di4
b ( " n ) = azr dz: a3 144:
24 = —(A12414 T dA22424 T 432434 - . . . .
a3l :1dsp: a3z 1434:
| 0 :0: 0 1: |
[a11 aw :ap: ag:]
azr 4az 143 1dx4:
b3 = —(a13a14 + ax3a24 + azzazs) = — ) o e (12.14)
aszl a3y :d4dsz: 1434
| 0 0 :0: :1:

The columns to be multiplied are marked.
To perform successive coordinate transformation, we need only to follow the product
rule of matrix algebra. For instance, the matrix equation

tp = Mpp-1)yMp-1)(p-2) - - - M3 Moy (1.2.15)

represents successive coordinate transformation from $; to S, from S, to S3, ..., from
Sp_1 to Sp.
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To perform transformation of components of free vectors, we need only to apply
3 x 3 submatrices L, which may be obtained by eliminating the last row and the last
column of the corresponding matrix M. This results from the fact that the free-vector
components (projections on coordinate axes) do not depend on the location of the origin
of the coordinate system.

The transformation of vector components of a free vector A from system S,, to S,, is
represented by the matrix equation

A,=L,,A, (1.2.16)
where
A a1 dn a4 Asxm
A=Ay |, Lm=|axn an axn|, An=|Au|. (1.2.17)
An asy asx ass Azm

A normal to the gear tooth surface is a sliding vector because it may be translated along
its line of action. However, we may transform the surface normal as a free vector if the
surface point where the surface normal is considered will be transferred simultaneously.

1.3 ROTATION ABOUT AN AXIS

Two Main Problems

We consider a general case in which the rotation is performed about an axis that does
not coincide with any axis of the employed coordinate system. We designate the unit
vector of the axis of rotation by ¢ (Fig. 1.3.1) and assume that the rotation about ¢ may
be performed either counterclockwise or clockwise.

Henceforth we consider two coordinate systems: (i) the fixed one, S,; and (ii) the
movable one, S;. There are two typical problems related to rotation about c. The first
one can be formulated as follows.

Consider that a position vector is rigidly connected to the movable body. The initial
position of the position vector is designated by OA = p (Fig. 1.3.1). After rotation
through an angle ¢ about c, vector p will take a new position designated by OA" = p*.
Both vectors, p and p* (Fig. 1.3.1), are considered to be in the same coordinate system,
say S,. Our goal is to develop an equation that relates components of vectors p, and p’.
(The subscript “a” indicates that the two vectors are represented in the same coordinate
system S,.) Matrix equation

Py =Lap, (1.3.1)

describes the relation between the components of vectors p and p* that are represented
in the same coordinate system S,,.

The other problem concerns representation of the same position vector in different
coordinate systems. Our goal is to derive matrix Ly, in matrix equation

Py = Loap,. (1.3.2)
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Figure 1.3.1: Rigid body rotation. p p*

The designations p, and p,, indicate that the same position vector p is represented
in coordinate systems S, and Sj, respectively. Although the same position vector is
considered, the components of p in coordinate systems S, and S, are different and we
designate them by

pa = atis + d2ja + a3k, (13.3)
and
Py = biip + bajy + bskp. (1.3.4)

Matrix Lj, is an operator that transforms the components [a; a> a3]! into
[b1 by b3]". It will be shown below that operators L, and Ly, are related.

Problem I. Relations between components of vectors p, and p?.

Recall that p, and p* are two position vectors that are represented in the same coordinate
system S,. Vector p represents the initial position of the position vector, before rotation,
and p* represents the position vector after rotation about c. The following derivations
are based on the assumption that rotation about ¢ is performed counterclockwise. The
procedure of derivations (see also Suh & Radcliffe, 1978, Shabana, 1989, and others)
is as follows.

Step 1: We represent p? by the equation (Fig. 1.3.1)

p’ = OM + MN + NA* (1.3.5)
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where
OM = (¢, - p,)ca = (€a - pl)ca (1.3.6)

and ¢, is the unit vector of the axis of rotation that is represented in S,.
Step 2: Vector p, is represented by the equation

p, = OM + MA = (c, - p,)ca + MA (1.3.7)
that yields
MA =p, — (c; - p,)Ca- (1.3.8)

We emphasize that a vector being rotated about ¢ generates a cone with an apex
angle a. Thus, both vectors, p and p*, are the generatrices of the same cone, as shown in
Fig. 1.3.1.

Step 3: Vector MN has the same direction as MA and this yields

IMN| = |MA*|cos ¢ = [MA|cos¢p = psina cos ¢ (1.3.9)

where « is the apex angle of the generated cone, [MA| = p sina, and p is the magnitude
of p.
Equations (1.3.8) and (1.3.9) yield

. __ MA
MN = lMNlﬁ =[p, — (cs - p;)cs] cos . (1.3.10)

Step 4: Vector NA* has the same direction as (¢, x p,) and may be represented by

NA" = 4% Pa \NA%| = sing(c, x p,). (1.3.11)
|Cﬂ X pal

Here,
INA*| = |[MA*|sing = psinasing, |c, X p,| = psina.
Step 5: Equations (1.3.5), (1.3.6), (1.3.10), and (1.3.11) yield
Py =p,cosp+ (1 —cosp)c, - p,)c, +sing(c, x p,). (1.3.12)
Step 6: It is easy to prove that
(Ca - Pg)Ca = €4 X (Ca X pg) + Py (1.3.13)
because
Ca X (€a X py) = (Ca - Ppg)Ca — PalCa - Ca).
Step 7: Equations (1.3.12) and (1.3.13) yield
pi = py + (1= cosd)lca x (ca X p,)] + sinplc, % p,). (1.3.14)

Equation (1.3.14) is known as the Rodrigues formula. According to the investigation
by Cheng & Gupta [1989], this equation deserves to be called the Euler-Rodrigues,
formula.
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Step 8: Additional derivations are directed at representation of the Euler—Rodrigues
formula in matrix form.
The cross product (¢, x p,) may be represented in matrix form by

¢, xp, =Cp, (1.3.15)

where C* is the skew-symmetric matrix represented by

0 —C3 (%)
C = Cc3 0 —C1 |- (1.3.16)
—C) [} 0
Vector ¢, is represented by
C, = c1ig + c2ja + c3k,. (1.3.17)

Step 9: Equations (1.3.14), (1.3.15), and (1.3.16) yield the following matrix repre-
sentation of the Euler—-Rodrigues formula:

p; = [+ (1 —cos §)(C*)* +sin¢C*] p, = Lap, (1.3.18)

where 1 is the 3 x 3 identity matrix. While deriving Egs. (1.3.14) and (1.3.18), we
assumed that the rotation is performed counterclockwise. For the case of clockwise
rotation, it is necessary to change the sign preceding sin ¢ to its opposite. The expression
for matrix L, that will cover two directions of rotation is

L, =1+ (1 — cos¢)(C*)* £ sin ¢C*. (1.3.19)

The upper sign preceding sin ¢ corresponds to counterclockwise rotation and the lower
sign corresponds to rotation in a clockwise direction. In both cases the unit vector ¢
must be expressed by the same Eq. (1.3.17) that determines the orientation of ¢ but
not the direction of rotation. The direction of rotation is identified with the proper sign
preceding sin ¢ in Eq. (1.3.19).

Problem 2. Recall that our goal is to derive the operator L, in matrix equation (1.3.2)
that transforms components of the same vector (see Egs. (1.3.3) and (1.3.4)). It will be
shown below that the sought-for operator is represented as

Ly =L =1+ (1 — cos¢)(C°)* F sin ¢C*. (1.3.20)

Operator Ly, can be obtained from operator L, given by Eq. (1.3.19) by changing the

sign of the angle of rotation, ¢. The upper and lower signs preceding sin ¢ in Eq. (1.3.20)

correspond to the cases where S, will coincide with S, by rotation counterclockwise

and clockwise, respectively. The proof is based on the determination of components of

the same vector, say vector OA shown in Fig. 1.3.1, in coordinate systems S, and S,.
Step 1: We consider initially that vector OA is represented in S, as

p, =lar ar a3]". (1.3.21)

Step 2: To determine components of vector OA in S, we consider first that coordinate
system S; and the previously mentioned position vector are rotated as one rigid body
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about c. After rotation through angle ¢, position vector OA will take the position OA”
and can be represented in Sj, as

OA” = aiip + azjp + azky. (1.3.22)

It is obvious that vector OA™ has in Sj, the same components as vector OA hasin S,.

Step 3: We consider now in S, two vectors OA" and OA. Vector OA" will coincide
with OA after clockwise rotation about ¢. The components of vectors OA" and OA in
Sp are related by an equation that is similar to Eq. (1.3.19). The difference is that we
now have to consider that the rotation from OA” to OA is performed clockwise. Then
we obtain

(OA), = Ly(OA")y = [T+ (1 — cos ¢)(C*)> — sin¢C ] (OA"),.  (1.3.23)
Designating components of (OA), by [by by b3]T, we receive
[b1 by b3]T =1+ (1 —cos¢)(C)> —sinpC|[a; a2 a3]’. (1.3.24)

Step 4: We have now obtained components of the same vector OA in coordinate
systems S, and S, respectively. The matrix equation that describes transformation of
components of OA is

(OA)p = Ly (OA),. (1.3.25)

For the case in which rotation from S, to S, is performed counterclockwise we have
obtained that

Lys =14 (1 — cos¢)(C*)* —sin¢C". (1.3.26)
Similarly, for the case in which rotation from S, to S;, is performed clockwise, we obtain
Lps =1+ (1 — cos¢)(C*)* + sin¢C". (1.3.27)

The general description of operator Ly, and the respective coordinate transformation
are as follows:

Py = Lyup, = [+ (1 — cos $)(C*)> F sin¢C*] p,. (1.3.28)

The upper and lower signs preceding sin¢ correspond to the cases in which rotation
from S, to S is performed counterclockwise and clockwise, respectively.

In our identification of coordinate systems S, and S, we do not use the terms fixed
and movable. We just consider that S, is the previous coordinate system and §; is
the new one, and we take into account how the rotation from S, to S, is performed:
counterclockwise or clockwise.

Matrix Lp,
Using Egs. (1.3.26) and (1.3.27), we may represent elements of matrix Ly, in terms of
components of unit vector ¢ of the axis of rotation and the angle of rotation ¢. Thus,
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'ra
.Z'
Figure 1.3.2: Derivation of coordinate transforma-
tion by rotation. c
a
Zar 2p
0a, 0 ¢
Yo
Yo
we obtain
a1 a1z 43
L[m = | dx1 daz azs|. (1.3.29)
as1 a3y ass
Here,

apy =cos¢ (1 —cf) +cf
a2 = (1 —cos@)cicy £singes
a3 = (1 —cos@)cics F singcy
az1 = (1 —cosg)cicr F sin¢gcy
ay =cos¢ (1 —c3) +c3 (1.3.30)
ar3 = (1 —cosg)crcs £ sin gy
a31 = (1 —cos¢)cics £ singcr
asy = (1 —cosg)crcs Fsingcy
a33 = cos¢ (1 - c%) + c%.
When the axis of rotation coincides with a coordinate axis of S,, we have to make

two components of unit vector ¢, equal to zero in Egs. (1.3.30). For instance, in the
case in which rotation is performed about the z, axis (Fig. 1.3.2), we have

.=k, =[0 0 1] . (1.3.31)

We emphasize again that in all cases of coordinate transformation only elements (1.3.30)
of matrix Ly,, and not the components of ¢,, depend on the direction of rotation. The
unit vector ¢ can be represented in either of the two coordinate systems, S, and S, by
the equations

¢ =ciiy + c2js + c3ky = c1ip + c2jp + c3kp. (1.3.32)

This means that the unit vector ¢ of the axis of rotation has the same components in
both coordinate systems, S, and Sj. It is easily verified that

[e1 ¢2 31" =Lpaler 2 3™ (1.3.33)
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Although the significance of this observation has not been recognized in the literature,
it has been found to be advantageous in obtaining coordinate transformations in this
book.

The proof of Eq. (1.3.32) is based on the following considerations. The unit vector ¢
of the axis C of rotation is directed along the axis that is common to the two coordinate
systems, S, and S;. Thus, the orientation of c is not changed when one of the two
coordinate systems rotates with respect to the other about C. For instance, assume that
a unit vector of S,, say i,, is directed along OA, and the unit vector i, of S, is directed
along OA* (see Fig. 1.3.1). Both unit vectors, i, and iy, are the generatrices of the same
cone and therefore

c-iy=c-ip =cq.
Similarly, we may prove that
Cja=c-jp=c2, c-ky=c-ky=cs.

Thus, Eq. (1.3.32) is confirmed.

Employment of Additional Coordinate Systems
Generally, the axis of rotation does not coincide with any coordinate axis of S,. The
movable coordinate system S, coincides with S, in the beginning of rotation. Thus,
there is no coordinate axis of S;, that coincides with the axis of rotation. Our goal is to
employ two additional coordinate systems S,, and S,, that will enable us to make one
of their coordinate axes coincide with the axis of rotation. The auxiliary coordinate
system S, is rigidly connected to S,, and the auxiliary coordinate system S, is rigidly
connected to Sj.

The determination of the structure of matrix L,,, is based on the following consider-
ations. Let us represent L,,, as

ap day as
L..=|b1 b b3|. (1.3.34)
di dr ds

A respective axis of S, will coincide with ¢ if one of three unit vectors (a, b, and d)
coincides with c. We limit this discussion to the case in which the z,, axis coincides with
c. Two other cases can be discussed similarly. For the previously mentioned case we
have

d=[c1 ¢3 ;]! (1.3.35)
and
ar 4az asjs
L,.=|b1 by b3|. (1.3.36)
(5] c2 C3

Unit vectors a and b are represented as follows:

a=[im'ia im'ja im‘ka]’ bz[]mla jm'ja ]mka] (1337)
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It is obvious that
Ly.c.=[0 0 1]7 (1.3.38)

becausea-c=0,b-c=0,and c- ¢ = 1. While choosing one of the two unit vectors (a
and b), say b, we have to take into account the following relations: (i)

bic1 +brcy +b3¢c5=0 (1.3.39)
due to the orthogonality of ¢ and b, and (ii)
bt +b3+bj=1 (1.3.40)

because b is a unit vector. Equations (1.3.39) and (1.3.40) relate two of three components
of b, and only one of them can be chosen.
After determination of ¢ and b we can define the unit vector a using the cross product

a=bxec (1.3.41)

The motion of movable coordinate system S,, with respect to S,, and S, (S,, and S, are
rigidly connected) is rotation about the z,, axis through angle ¢. Matrix L,,,, can be de-
termined in accordance with Egs. (1.3.29) and (1.3.30). The coordinate transformation
from S, to S, is based on the matrix equation

P = LumLynap,. (1.3.42)

We have discussed above the coordinate transformation from S, to S;, that is represented
by matrix equation (1.3.30).

At the start of motion, coordinate system S, coincides with S,, coordinate system S,
(which is rigidly connected to S;) coincides with S, (which is rigidly connected to S, ).
With these considerations we can develop the following matrix equations:

Ly = Lina (1.3.43)
anLma - LnbLba = LmaLIm (1344)
L' LomLoa = Ly (1.3.45)

We may also prove the correctness of the matrix equations
Lisle1 ¢ e3]' = L;,E,LWLM [c1 ¢ c3]F=[c1 ¢ e3]7  (1.3.46)

and

T

LonLnaler ¢2 31" =LpaLpaler 2 3] =m=[m my ms]". (1.3.47)

Here, m is the unit vector of the axis of S,,, that is the axis of rotation (two components
of m are equal to zero and the third is equal to one). Matrix equations (1.3.44) to
(1.3.47) are illustrated in Problem 1.5.4.
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1.4 ROTATIONAL AND TRANSLATIONAL 4 x 4 MATRICES

Generally, the origins of coordinate systems do not coincide and the orientations of the
systems are different. In such a case the coordinate transformation may be based on the
application of homogeneous coordinates and 4 x 4 matrices that describe separately
rotation about a fixed axis and displacement of one coordinate system with respect to
the other.

Consider that the same point must be represented in coordinate systems S, and S,
(Fig. 1.4.1). The origins of S, and S, do not coincide and the orientations of coordinate
axes in these systems is also different. It is useful in such a case to apply an auxiliary
coordinate system, S,, and a matrix, M,,, that describes translation from S, to S,.
Coordinate systems S, and S, have a common origin and the coordinate transformation
from S, to S, is based on the Euler-Rodrigues equation.

The coordinate transformation from S, to S, is represented by the matrix equation

I‘q = quanrp = qurp. (1.4.1)

The 4 x 4 matrix M,,, describes translation from S, to S, and is represented by

(1.4.2)

an =

S O O =
S O = O
S = O O
—_ O SN

Figure 1.4.1: Application of coordinate sys-
tems.

xp

Op Zp

Yp
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The 4 x 4 matrix My, describes rotation about a fixed axis with unit vector ¢ and is
represented as

a1 ain aiz 0
ayi ax ax 0
n= . 1.4.
M, azt azx az 0 (1.4.3)
0 0 0 1

The 3 x 3 submatrix of My, is determined with Eqs. (1.3.29) and (1.3.30). The inverse
coordinate transformation is represented by the equations

r, =My, = M;;}fq (1.4.4)

M} = MM} = MM, (1.4.5)

1.5 EXAMPLES OF COORDINATE TRANSFORMATION

The examples of coordinate transformation presented in this section are based on ap-
plication of 4 x 4 rotational and translational matrices. The study of these problems
will give the reader experience in coordinate transformation as it relates to the theory
of gearing.

Problem 1.5.1

Coordinate systems Sy and S, are rigidly connected to the gear and to the rack-cutter
that perform rotational and translational motions with respect to the fixed coordinate
system Sy (Fig. 1.5.1). A point M in coordinate system S; is represented by position
vector O4M =r;.

(i) Determine the position vector r; of the same point in coordinate system ;.
(ii) Express the inverse matrix My = Mz]l in terms of elements of matrix M;; and
then determine the position vector ry considering that r; is given.

Solution
(i) The coordinate transformation from S; to S5 is based on the matrix equation

1 %) =M211‘1 =M2fo11‘1. (1.5.1)
The rotational matrix M 1 describes rotation about the z s axis with the unit vector,
c,=1[0 0 1]%. (1.5.2)

The rotation from S; to S is performed clockwise and the lower sign in Eq. (1.3.30)
must be chosen. Taking into account that ¢; = ¢, = 0, ¢c3 = 1, we obtain the fol-
lowing expression for the rotational matrix My :

cos¢p —sing O
sing cos¢p O
0 0 1
0 0 0

M/ = (1.5.3)

- o O O



Yz Yr
s=p¢
02 )
Y Centrodes
4 x Figure 1.5.1: Centrodes
rotation motions.

T
01, 0f y

The drawings of Fig. 1.5.1 yield that

(O20¢)f=1lpp —p O],

and the translational matrix is

1 0 0 po
o1 0 —p
Mar=10 01 o
00 0 1

The position vectors r; and ry are

n =[x

v, 2 1N, n=[x

Equations (1.5.1) to (1.5.5) yield

and

M, =

cos¢p —sing 0 po

sing cos¢p 0 —p
0 0 1 0
0 0 0 1

X) = X1COS¢ — y1 Sin¢ + p
Y2 = x18in¢ + y; cos$p — p
22 =21.

Coordinate Transformation

in translation—

(1.5.4)

(1.5.5)

(1.5.6)

(1.5.7)
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(i) Matrix My is not singular and the inverse coordinate transformation is possible.
To determine the inverse matrix M, = Mz_ll, we use equations (1.2.10) to (1.2.13),
which yield

cos¢p sing 0 p(sing — ¢ cose)
—sing cos¢p 0 p(cos¢p + ¢sing)
1

0

M, = 1.5.8
12 0 0 0 ( )
0 0 1
Then, using the matrix equation
r = M121‘2 (159)
we obtain
X1 = X2c08¢ + yysin¢g + p(sing — ¢ cos @)
Y1 = —x28in¢ + y> cos @ + p(cos ¢ + ¢ sin @) (1.5.10)

21 = 22.

Problem 1.5.2
Coordinate systems Sy (x1, y1, 21) and S (x2, y2, 22) are rigidly connected to gears 1
and 2 that transform rotation between parallel axes (Fig. 1.5.2). Angles of gear rotation

Y, Yi
4 Yz
P2
Pz
Lp
Figure 1.5.2: Centrodes in rotational mo- 02, Op

tions of opposite direction. y
i

T2

E Centrodes

&1
¢

X,
04,0~ p1 !
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¢1 and ¢, are related with the equation

$2 _ P

o1 o
where p1 and p; are the radii of gear centrodes (see Section 3.2). E is the shortest distance
between the axes of rotation. The fixed coordinate system Sy is rigidly connected to the
gear housing. S, is an auxiliary coordinate system that is also rigidly connected to the
gear housing.

(1.5.11)

(i) Derive equations for coordinate transformation from S; to Si.
(ii) Derive equations for coordinate transformation from S; to 5.

Solution
(i) The coordinate transformation in transition from S, to S; is based on the matrix
equation
I = M121‘2 = M1fM/prp2r2 (1512)
where Mjs and My, are rotational matrices and My, is a translational matrix.
Here,
x5 ] [ cos¢, sing, 0 0
b2 —sing, cos¢y 0 O
— M, =
A r2 0 0 10
[ 1] L0 0 0 1]
a1 ] B cos¢y sing; O 0]
V1 —sin¢g; cos¢py 0 O
= M =
E 0 0 10
1] 0 0 0 1|
1 0 0 O
0 1 0 E
M, = 1.5.13
=10 01 0 ( )
0 0 0 1
Equations (1.5.13) yield
cos(¢1 +¢2)  sin(¢r +¢2) 0 Esing
—sin(¢ + cos(¢y + 0 Ecos
My, — (P1 + ¢2) (P1 + ¢2) 1 (1.5.14)
0 0 1 0
0 0 0 1

Using equations (1.5.12) and (1.5.14), we obtain

X1 = x3 cos(¢1 + ¢2) + y2sin(¢1 + ¢2) + E singy
y1 = —x38in(¢1 + ¢2) + y2 cos(¢1 + ¢2) + E cos ¢y (1.5.15)

21 =22.
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(ii) The inverse matrix My, = Ml_z1 can be expressed in terms of elements of My, as
follows [see Egs. (1.2.10) to (1.2.14)]:

cos(¢p1 +¢2) —sin(¢1 +¢2) 0 Esing,
sin(¢q + cos(¢1 + 0 —Ecos
My, — ($1+ ¢2) (91 + ¢2) b2 (1.5.16)
0 1 0
0 0 1
The inverse coordinate transformation is based on the matrix equation
rp = Mpry, (1.5.17)
which yields
X2 = x1co8(¢1 + ¢2) — y1sin(¢1 + ¢2) + E sing,
Y2 = x18in(¢1 + ¢2) + y1 cos(p1 + ¢2) — E cos ¢ (1.5.18)

22 =21

Problem 1.5.3

Consider that two gears transform rotation about parallel axes in the same direction
(Fig. 1.5.3). Coordinate systems S; and S, are rigidly connected to gears 1 and 2; S¢
and S, are fixed coordinate systems; E is the shortest distance; p; and p; are the radii
of gear centrodes (see Section 3.2). (i) Determine matrices M1 and My, = Mz_f and (ii)
perform the coordinate transformation in transition from S to S, and from S, to S;.

Y,
f %
&
I
P1 0, 0
1, f
x
7&. 7 f
Ypp Y2
E P2 X
Figure 1.5.3: Centrodes in rotational mo-
tions of the same direction. 05
£p
7 Ty

P2
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Solution
(1)
Moy = My, MMy

cos(¢p1 —¢2) sin(¢p —¢2) 0 —Esing,
|- sin(¢r — ¢2) cos(pr —¢2) 0  Ecosg, (1.5.19)
0 0 1 0
0 0 0 1
M = My
cos(¢p1 — @) —sin(¢pr —¢2) 0  Esingg
_ sin(¢1 — ¢2) cos(pr —¢2) O —Ecosg (1.5.20)
0 0 1 0
0 0 0 1
(i)
Xy = x1€08(¢1 — ¢2) + y18in(¢1 — ¢2) — Esing
Y2 = —x18in(¢1 — ¢2) + y1 cos(¢p1 — ¢2) + E cos (1.5.21)
22 =21
X1 = X2 cos(¢1 — ¢2) — y2sin(¢1 — ¢2) + E sin ¢y
y1 = x2sin(¢q — ¢2) + y2 cos(¢p1 — ¢2) — E cos (1.5.22)

21 = 22.

Problem 1.5.4

The purpose of this problem is to illustrate the verification of Egs. (1.3.44) to (1.3.47).
Figure 1.5.4(a) shows two coordinate systems S, and S, that coincide with each other
initially. Coordinate system S, is rotated counterclockwise about the axis with unit
vector

¢, =[0 siny cosy]l. (1.5.23)
Matrix Ly, in accordance with Eqgs. (1.3.30) is represented as follows:

cos ¢ sin ¢ cos y —singsiny
Ly, = | —sin¢gcosy cos¢coszy+sin2y (1 —cos¢)sinycosy |. (1.5.24)
singsiny (1 —cos¢)sinycosy cos¢sin®y + cos®y
Figure 1.5.4(b) shows an auxiliary coordinate system S,, that is rigidly connected to

S.. The coordinate axis z,, coincides with ¢, whose components represent the elements
of the third row in matrix L,,, represented by Eq. (1.3.36). Coordinate axis x,, coincides
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Figure 1.5.4: Auxiliary coordinate systems: (a) illus-

tration of coordinate systems S, and Sp; (b) illustra- Zg, T,
tion of coordinate systems S,, S,,, and S,,. n
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with x,. According to Eq. (1.3.30), matrix L,,, is
1 0 0
L,,=]10 cosy —siny |. (1.5.25)

0 siny cosy

Coordinate systems S, and S, which are rigidly connected to each other are rotated
about ¢, = k,, through angle ¢. Matrix L,,,, in accordance with Egs. (1.3.30), is rep-
resented by

cos¢p sing O
L,,=| —sin¢g cos¢ O |. (1.5.26)
0 0 1

Matrix product L,,,,,L;;,u =L, is

cos¢ singcosy —singsiny
L., =| —sing cos¢pcosy —cos¢siny |. (1.5.27)

0 sin y cos y
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25,21

Figure 1.5.5: General case of coordinate trans-
formation.
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Using Egs. (1.5.24) to (1.5.27) we may be certain that matrix equations (1.3.43)
and (1.3.45) are indeed observed. Equations (1.3.46) and (1.3.47) in the discussed case
yield

Ly, [0 siny cosy]T =L, L,,L,.[0 siny cosy]T (1.5.28)
=[0 siny cosy]"
LymLnal0 siny cosy|T =L,.Lp[0 siny cosy]T

00T (1.5.29)

Problem 1.5.5

Gears 1 and 2 rotate about axes z and z,, that form the twist angle y and the shortest
distance E (Fig. 1.5.5). Coordinate systems Sq, S, and Sy are rigidly connected to
gear 1, gear 2, and the frame, respectively. The auxiliary systems S,, and S, are also
rigidly connected to the frame. Derive equations for the coordinate transformation in
transition from S to S, and from S, to Si.

DIRECTIONS. The coordinate transformation in transition from S; to S, is based on
matrix equation

I = M21r1 = szMpmMme/qu. (1.5.30)
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Here, matrix M,,s is a translational matrix; matrix M sy describes rotation about the
2 axis; matrix My,, describes the turn about the x,, axis to obtain the twist angle y;
matrix M,, describes rotation about the z,, axis.

Solution
Matrix My, is represented by

COS ¢ COS ¢ — sin ¢ cos ¢, —sin y sin ¢,
4 cosysinggsing; —+cCosy cos @y sin ¢y
— COoS ¢ sin ¢ sin ¢ sin ¢, —sin y cos ¢,
M1 =11 cos y sin ¢ cos¢, +Cosy cosdq cos ¢
sin y sin ¢ sin y cos ¢ cosy
0 0 0

E cos ¢, |

—Esin¢;

(1.5.31)

The coordinate transformation in transition from S; to S, is represented by the

equations

x) = x1(COS ¢ COs ¢y + cos y sin ¢y sin ¢;)

+ y1(— sin ¢y cos ¢y + cos y cos ¢1 sin ¢)

— z1siny sing, + E cos ¢

¥2 = x1(— cos ¢ sin ¢y + cos y sin 1 cos )

+ y1(sin ¢ sin ¢ + cos y cos ¢ cos ¢)

— z1siny cos¢y — Esing)

22 = x18iny singq + y1 siny cos ¢ + 21 cos y.

The inverse matrix My, = Mgll

COS ¢1 COS P2
+ cos y sin ¢ sin ¢,
— sin ¢ cos ¢,
My = .
+ cos y cos ¢1 sin ¢,
—sin y sin ¢,
0

is represented by

— Cos ¢ sin ¢, sin y sin ¢
+ cos y sin ¢ cos ¢,
sin ¢ sin ¢, sin y cos ¢
+ cos y cos ¢ cos ¢y
—siny cos ¢, cosy
0 0

(1.5.32)

—E cos¢q ]

E sin ¢

(1.5.33)
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The coordinate transformation in transition from S, to Sy is represented by the equations

X1 = x2(C0OSs ¢1 COs ¢y + cos y sin ¢y sin ¢y)
+ y2(— cos ¢q sin ¢y + cos y sin ¢y cos ¢,)

+ 2z siny sing; — E cos ¢

y1 = x2(— sin ¢p1 cos ¢y + cos y cos ¢y sin ¢y) (1.5.34)
~+ y2(sin ¢y sin ¢y + cos y cos ¢1 cos ¢)
+ z2siny cos ¢ + E sin ¢

21 = —Xpsiny singy — y, siny cos ¢ + 22 COs Y.

1.6 APPLICATION TO DERIVATION OF CURVES

The technique of coordinate transformation can be successfully applied in the derivation
of some curves and surfaces. It is assumed that the to-be-derived curve is generated by a
point that performs a prescribed motion. Respectively, it is considered that the surface
is generated by a curve that performs a prescribed motion as well (see Section 1.7).

Generation of Epicycloid

Consider two circles that are in external tangency [Fig. 1.6.1(a)]. The circles are cen-
trodes and their relative motion is pure rolling. The radii of the circles are p; and p;.
Point M, which is rigidly connected to circle 2, traces out an extended epicycloid in
the coordinate system that is rigidly connected to circle 1 [represented in coordinate
system Si(x1, y1) as shown in Fig. 1.6.1(a)]. M, and M are two positions of the tracing
point.

Equations of the extended epicycloid may be derived by using the coordinate trans-
formation in transition from S; to S;. Coordinate systems §; and S, are shown in
Fig. 1.6.1(b). The coordinate transformation from S, to §; has been represented in
Problem 1.5.2 by Egs. (1.5.15). The generating point M is represented in S, by [see
Fig. 1.6.1(b)]

T
[ A ] =10 —a 0 " (1.6.1)

wherea = O, M > p;.
Equations (1.5.15) and (1.6.1) yield the following equations of the extended epicy-
cloid:
x1 = —asin(¢1 + ¢2) + E sin ¢y

(1.6.2)
y1 = —a cos(¢1 + ¢2) + E cos ¢1.

Here,

P1
E=p1+p, ¢=¢—.
P2
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Extended epicycloid

Figure 1.6.1: Generation of extended epicycloid: (a)
illustration of generation of extended epicycloid; (b) (a)
illustration of coordinate transformation for deriva-

tion of extended epicycloid. 2
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2
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(b)

A shortened epicycloid is generated by point M with a < p,. An ordinary epicycloid is
generated with a = p;.

Generation of Involute Curves

Henceforth we distinguish between an ordinary involute curve, an extended involute
curve, and a shortened involute curve. Figure 1.6.2 shows that an extended involute
curve is generated by a point M that is rigidly connected to the straight line B D; this
straight line rolls over the circle of radius p. The derivation of the extended involute is
based on Eq. (1.5.10) which describes the coordinate transformation in transition from
S, to Sy (Figs. 1.5.1 and 1.6.3). The generating point is represented in S, (Fig. 1.6.3) by

T
[x;M) y{M oM 1] -0 —a 0 1% (1.6.3)
Equations (1.6.3) and (1.5.10) yield the following equations of the extended involute:

X1 = —asin¢ + p(sin¢ — ¢ cos @)

. (1.6.4)
Y1 = —acos¢ + p(cos¢ + ¢sing).

An ordinary involute curve will be generated if a = 0, and a shortened involute curve

is generated if yéM) =a > 0.
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Extended involute curve

Figure 1.6.2: Illustration of generation
of extended involute.

Yz Yr
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i Figure 1.6.3: Generation of involute curve.
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Extended cycloid

Mo

Figure 1.6.4: Generation of extended cycloid.

Problem 1.6.1
Derive the equations of the curve that is generated in Sq by point M (Fig. 1.6.3) if point
M is represented in S, by

OoM=[0 —p 0 1] (1.6.5)

Prove that the generated curve is the Archimedes spiral.

Solution
According to Egs. (1.6.4) and (1.6.5), the generated curve is represented by

x1 = —ppcosep, Yy = ppsing. (1.6.6)
The equation of this curve in polar coordinates (r, ¢) is
172
r=(x+y) " =po (1.6.7)
where ¢ is the polar angle.
Generation of a Cycloid
An extended cycloid is generated by a point M that is rigidly connected to the circle
while the circle of radius p rolls over a straight line (Fig. 1.6.4). Coordinate system S,

is rigidly connected to the circle, and coordinate system S, is rigidly connected to the
straight line (Fig. 1.5.1). The generating point is represented in Sy by

OM=[0 —-a 0 1] (1.6.8)

The coordinate transformation in transition from S to S, is represented by Egs. (1.5.7).
Equations (1.5.7) and (1.6.8) yield

X) = —asing + pop, Yy, =acos¢ — p. (1.6.9)

A shortened cycloid is generated if a < p, and an ordinary cycloid is generated if a = p.
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1.7 APPLICATION TO DERIVATION OF SURFACES

The technique of coordinate transformation can be also applied to the derivation of
equations of a surface that is generated as a family of curves of the same shape. We
illustrate this technique with the example of a helicoid that is generated by a planar
curve performing a screw motion [Fig. 1.7.1(a)]. Figure 1.7.1(b) shows two coordinate
systems: S, which is fixed, and a movable coordinate system S, that performs a screw
motion with respect to S1. The angle of rotation and axial displacement in screw motion
are designated by ¥ and p, respectively. Here, p is the parameter of screw motion —the
pitch of the screw—and is given by

H

=5 (1.7.1)

p

where H is the axial displacement corresponding to one complete revolution.
Assume that the planar curve L is represented in coordinate system S, (x,, ¥4, 24)
[Fig. 1.7.1(b)] by equations

X =%400), Ya=9a0), 2.=0 61<60<6, (1.7.2)

where parameter 6 is the independent variable. The generated surface is determined in
coordinate system S; with the matrix equation

T =M1al‘a (173)
Helicoid
(a) Axis of screw motion Figure 1.7.1: Generation of helicoid: (a) illustra-
tion of generation of a helicoid by screw motion of
21 2q a planar curve; (b) illustration of coordinate sys-

tems S, and S;.

Ya

7 , ______ M ________ |

]
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Figure 1.7.2: Surface of revolution. — -7

where
X cosyy —siny 0 O
= " My, = sinyy cosyy 0O O
21 0 0 1 py
L1 0 0 0 1
(1.7.4)
[ x4(0)
Ya(6)
I, =
24(0)
L 1
Matrix equations (1.7.3) and (1.7.4) yield
X1 = x4(0) cos Y — y,(6) sinyr
y1 = x,(60)sinyr + y,(0) cos ¢ (1.7.5)

1= py

where

01 <0 <60, V1=V =<1

Equations (1.7.5) represent the generated helicoid with surface coordinates 0, . By
surface coordinates we mean that a point of the surface is uniquely specified by given
values 0 and v (see Chapter 5).

Problem 1.7.1

A surface of revolution is generated by rotation of a planar curve about the fixed axis z1.
Figure 1.7.2 shows the axial section of the surface. The generating curve [Fig. 1.7.3(a)]
is represented in coordinate system S, (x,, V., 2,) by equations

Xg = xa(e)a J’a - 07 Rq = Za(e) (1.76)

The angle of rotation ¥ [Fig. 1.7.3(b)] lies within the interval 0 < ¢ < 27. Applying
the matrix method of surface generation, derive the equations of the generated surface.
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xa
L
z
0q ¢

(2) Figure 1.7.3: Generation of surface of revolution:
x (a) representation of planar curve L in coordinate

Z, ! system S,; (b) illustration of coordinate systems S,

and S;.
Oa, 01 20y 21

Y ///
e
(b)

Solution

X1 = x4(0)cosy,  y1 =x,(0)siny

(1.7.7)
21 =2400), 01 <0<6, 0<y <2m.

Problem 1.7.2
With the conditions of problem 1.7.1, determine the equations of the surface generated
by the segment of a circle centered at C (Fig. 1.7.4).

Solution

x1 =(acosd + Cy)cosy, y; = (acosd+C,)siny
Z1=(asinf+C,), 6,<0<6, 0<y<2rm (1.7.8)
C, <0, C, <0O.

Problem 1.7.3
A spherical surface may be represented as a particular case of the surface represented

by Egs. (1.7.7). Determine equations of a spherical surface that is centered at O,
(Fig. 1.7.4).
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Lq
L
L 0
Figure 1.7.4: For generation of surface of
revolution. a
Oq
z(l
Cx
C
Cz
Solution
x1 =acosfcosy, 1y =acosfsiny, 21 =asinf (1.7.9)

01<0<6, 0<y <2m.

Problem 1.7.4

Straight line AL is represented in coordinate system S, (Fig. 1.7.5). The location of a
current point on AL is determined with parameter 6. Coordinate system S, with the
straight line performs rotation about the z; axis. Derive equations of the cone surface
that is generated in ;.

L,

Figure 1.7.5: Cone generation. M L

Oa

Zq
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x Figure 1.7.6: Generation of screw surface: (a) illustra-
. ! tion of generating blade; (b) illustration of coordinate
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Solution

x1=(d—6cosa)cosy, yi=(d—06cosa)siny (1.7.10)

Z1 =0sina.

Problem 1.7.5

A screw surface is generated by a straight-lined edge MO, of a blade [Fig. 1.7.6(a)]. We
consider three coordinate system S,, S1, and Sy that are rigidly connected to the blade,
to the blank of the screw being generated, and to the frame of the cutting machine,
respectively [Fig. 1.7.6(b)]. While the blank of the screw rotates through angle 6, the
blade translates on the distance p& where p is the screw parameter. The edge of the
blade is represented in S, by the equations [Fig. 1.7.6(a)]

x, =0, y,=wucose, 2z, =—usina. (1.7.11)

Here, u is the variable parameter that determines the location of a current point of the
edge; o is the blade angle. Derive equations of the generated screw surface.

Solution
X1 = —ucosasinf, y; =wucosacosf, z,=—usina+ po

ur <u<wuy;, 0<6<2m. (1.7.12)
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2.1 VECTOR REPRESENTATION

The concept of relative velocity is used for the derivation of the equation of meshing
(see Section 6.1) and for the derivation of centrodes and axodes (see Chapter 3). Con-
sider that two bodies are rotated about crossed axes with angular velocities w'!) and
w?, respectively (Fig. 2.1.1). Vector w!! passes through the origin of fixed coordinate
system S that is employed in the gear housing. The twist angle is ¥ and the shortest
distance is E. Point M is common to both rotating bodies. The relative velocity of point
MW of body 1 with respect to point M®) of body 2 is represented by the equation

V12 = ) _ @) (2.1.1)

where v(") is the velocity of point M) of body i (i =1,2).
The velocity v!!) is represented by the equation

vl = x ¢ (2.1.2)

where r is the position vector that is drawn to point M from an arbitrary point on
the line of action of w!V), for instance, from point Oy. Similarly, we may represent the
velocity v?) by

v =w? x p (2.1.3)

where p is drawn to point M from an arbitrary point on the line of action of w'®, for
instance, from point O,. An alternative equation for v?) is based on the substitution of
the sliding vector w® with the line of action O, — O} by an equal vector that passes
through Of and by the vector-moment,

m=R x w?. (2.1.4)

Here, R is a position vector that is drawn from Oy to an arbitrary point O} on the
line of action of w?. For instance, we may choose that O} coincides with O, and
R = Of O, = E. Note that the moment m has the unit and physical meaning of linear
velocity. By replacing w?) by an equal vector that passes through point Oy and moment
m, we may represent the velocity v!?) as follows:

v = (w? x 1) + (R x w?)). (2.1.5)

33
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Q)

f

Figure 2.1.1: Rotation about crossed axes.
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e 02

It is easy to prove that Egs. (2.1.3) and (2.1.5) are equivalent by taking into account
that R = Of O, + O, 0] and r = Of O; + p. Then we obtain that

v = w? x (r—=R) = w? x p. (2.1.6)
The final expression for the relative velocity may be represented as

V112 = (w1 — w?) x 1] — (E x w?) (2.1.7)

where E = Of O,; r = OfM. The relative velocity v?!) of point M of body 2 with
respect to point M of body 1 is

v = —v12) = [(w® — W) x 1] + (E x w?). (2.1.8)

Consider now that points M"Y and M%) are the points of gear tooth surfaces ¥; and
¥,. If the coinciding points M) and M form the point M of tangency of % and X,,
the surfaces have a common normal at M, and v!'? (as well as v?!) lies in the plane
that is tangent to X1 and ¥, at M. Thus, we can say that the relative velocity of point
MW with respect to M?) is the sliding velocity of surface ¥ with respect to X, at the
point of tangency M.

We have to emphasize that the velocity v!? can be seen by an observer located on
the reference frame 2 (on gear tooth surface ;) and watching the motion of body 1
(surface 1) with respect to body 2 (surface ¥,). Respectively, the observer must be
located on reference frame 1 to watch v\?1,

The vector of sliding velocity, vector v!!2)| can be represented in any of the three
coordinate systems S¢, S1, and S,. To recognize the coordinate system in which, the
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sliding velocity is represented, we use the following expression for v(!?):

v = [ = w®) x 1] — (B x w?) (i=1,12). (2.1.9)

i i

«:»
1

The subscript indicates that the vector is represented in coordinate system S;.
Consider now that vector v!!?) is represented in a coordinate system, say Sy, and that
it is necessary to represent v(!?) in coordinate systems S; and S,. There are two solutions
for this problem. The first one is based on Eq. (2.1.9) and representation of all vectors
of this equation in the respective coordinate system.
The other solution is based on matrix equation

vi12) — mev(fm (m=1,2) (2.1.10)

m

. 12) . . 12
for representation of V(m )in coordinate system S,,,. However, components of vector Viﬂ )

are still represented in components of the position vector
rr=lxr yr )" (2.1.11)

To represent vir? in components (X, ¥, Zm), We have to use the matrix equation

rf =M/l (2.1.12)
The discussed approaches are illustrated with Problem 2.1.2.
Problem 2.1.1
Gears 1 and 2 transform rotation between two parallel axes with angular velocities w'!)

and w? (Fig. 2.1.2). Derive and represent in coordinate system Sy the sliding velocity
v\12) for point M.

Figure 2.1.2: Rotation about parallel axes.

¢z £
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Solution
The solution is based on vector equation (2.1.9) whose vectors are represented in S as
follows:

wW!=[0 0 oM WP=[0 0 —o?
rr =[x yr z]", Ef=[-E 0 0" (2.1.13)
Equation (2.1.9) with expressions (2.1.13) yields
Vi = [y + o?)if + [xr (0" + 0?) + Eol?]j; (2.1.14)
where if, jr, and ks are the unit vectors of the S¢ coordinate system.
Problem 2.1.2

With the main conditions of problem 2.1.1, express the sliding velocity V<11
nate system Sj.

2) . .
)in coordi-

Solution

APPROACH I. The solution is based on Eq. (2.1.9) whose vectors are represented in Sy
by the following expressions:

w!"=10 0 oM wP=10 0 —o?
r1 =[x y1 21]", Ei=LifEf= [-Ecos¢; Esing; 0]T. (2.1.15)

Here,

cos¢; sing; O
Lif=| —sing; cos¢; 0 |- (2.1.16)
0 0 1

Equations (2.1.9), (2.1.15), and (2.1.16) yield

W = (0" + o)y + 0 E sin 1] iy

+ [(0" + 0*)x; + @@ E cos ¢1] 1. (2.1.17)

APPROACH 2. Consider that v(flz) is represented by Eq. (2.1.14). Determine V(llz) repre-
senting it in coordinate system Sj.

The solution is based on the following two steps.

Step 1: We use an equation that is similar to (2.1.10) and take into account that L

is represented by (2.1.16) and V(;Z) is represented by (2.1.14). Then we obtain
V(llz) =1 fv(flz) = [ (" + w(z))y,r cos ¢y + (oD + a)(z))xf sin g1 + 0P E sin¢q] iy

+ (0 + a)(z))yf sing + (0! + a)(z))xf cos g1 + w? E cos ¢1] J1-
(2.1.18)
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Step 2: Equation (2.1.18) still contains coordinates (xy, ys). We may represent (xf, yr)
in terms of (x1, y1, ¢1) using the matrix equation

cos¢y —singq

= . (2.1.19)

0 0
0 0

0
singy cos¢; O
1
0

- O O O

Matrix equation (2.1.19) allows us to represent x¢ (and yr) in terms of x; and ¢,
(and y1, ¢1). Equations (2.1.18) and (2.1.19) yield equation (2.1.17) for representation
of V(l12

Problem 2.1.3

Consider three reference frames 1, 2, and f that are rigidly connected to a gear, a rack,
and the housing of the train, respectively (Fig. 2.1.3). The rack translates with velocity v
and the gear rotates with angular velocity w. It is assumed that the ratio |v|/w is constant.
The instantaneous center of rotation I is located on line Oy I that is perpendicular to v.
The location of I satisfies the vector equation (see Section 3.1)

v=wx Ofl. (2.1.20)
Ye
S:p¢
v
—— M
2
Y
02 I Tz
Y Centrodes
Figure 2.1.3: Transformation of rotation ¢ x
into translation.
w
T X,
01, Of f
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Point I is the point of tangency of centrodes of the rack and the gear. The gear centrode

is a circle of radius
M

o = (2.1.21)
w

The relative motion of centrodes is pure rolling about I and the displacements of the
rack and the angle of gear rotation ¢ are related by

s = p. (2.1.22)
The goal of the to-be-solved problem is to determine the sliding velocity V(221> at point
M(x2, 2, 22).
Solution
V2 2 (2.123)

Here, v(zz) = v, is the velocity of the rack represented in S,; v(zl) is the velocity of the

gear at point M that is also represented in S,.

The gear rotates about O with angular velocity w. Substituting sliding vector w,
which passes through O1, with an equal vector that passes through O, and the respective
vector-moment m, we obtain

(1)

vy = (wz x12)+ (R x w)) (2.1.24)
where
R, = 0,0;. (2.1.25)
The final expression for V(221) is
Vi = vy — (w2 x12) — (Ra X w3). (2.1.26)

Vectors of Eq. (2.1.26) are represented in S, as follows:

2 . . —_ . .
V(z> = —vi) = —wpiy, wr=wky, Ry=0,01=ppir—pj

r; = x2i) + y2j2. (2.1.27)
Equations (2.1.26) and (2.1.27) yield

VB = wlyis + (pd — x2) ja). (2.1.28)

Problem 2.1.4

Consider the reference frames Sy, S», and Sf that have been represented in Fig. 1.5.5.
Gear 1 rotates with angular velocity w!!) about the z¢ axis. Gear 2 rotates with angular
velocity w!?) about axis O, O} (Fig. 2.1.1) that coincides with the z; axis (Figs. 1.5.5
and 2.1.1). Axes zr and z, form the twist angle y and the shortest distance between the
axes is E. Derive the equation for the sliding velocity v(!? and represent it in coordinate
systems Sy and Sj.
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Solution
—yr (@ — 0 cosy) — zrwP siny
V(flz) = | xp(0V —w?cosy) — Eo® cosy (2.1.29)
(xf + E)o® siny
U(11xZ) = —y1(0"V — 0¥ cos y) — 210 sin y cos ¢
— Ew'” cos y sin ¢ (2.1.30)
;1)’2) = X1 (w(l) — o' cos y)+ z10? sin y sin ¢y
— Ew' cos Y COSs ¢ (2.1.31)
{1 = (x1 cos ¢ — ysingy + E)o? siny. (2.1.32)

2.2 MATRIX REPRESENTATION

Matrix representation of sliding velocity is an alternative solution to vector represen-
tation. The advantage of matrix representation is the possibility of formalizing and
computerizing the design, especially when the meshing has to be simulated (see Sec-
tion 6.1) and surface singularities (undercutting) have to be avoided (see Section 6.3).
The computational procedure is as follows.
Step 1: Consider the matrix equation

r2(x2, ¥2, 22, 1) = Ma1()ri(x1, y1, 21, 1) (2.2.1)

that describes relations between homogeneous coordinates of position vectors ry and r;

represented in coordinate systems S1 and S,, respectively. Parameter ¢ is the generalized

parameter of motion. The goal is representation of relative velocity v!'? in S; and 5.
Step 2: Matrix equation (2.2.1) yields the relation

p2(x2, v2, 22) = Lot (@) p1(x1, y1, 21) + [a14(p)  a2a(¢) aza(@)]".  (2.2.2)

Here, L1 (¢) is the 3 x 3 submatrix of My;. Designations ay(k=1,2,3;1=1,2,3,4)
indicate elements of matrices M, and L. Vectors p; (i = 1, 2) are represented in terms
of Cartesian coordinates.

Step 3: Differentiation of matrix equation (2.2.2) yields

Pr(x2,y2.22) = {La1(@)p1 (%1, 1. 21) + [d14(d)  d24(9) d34(@)]" }§.  (2.2.3)
We may interpret p, as follows:

(i) An observer located in coordinate system S, at point M, of S, will see that point
M; of coordinate system S; is moving with respect to point M, of S, where the
observer is located.
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(i) M is in motion because the parameter of motion ¢ is varied.
(iii) At the start of variation of ¢, point M; coincides with M.

. . . . 12 -
Based on the considerations above, we identify p, as V(2 ). Thus, we can rewrite

Eq. (2.2.3) as
vo ! = {Lai@)pr(x1, y1.20) + [014(9) doale) dsa@)]T o (2.2.4)
The designation “2” means that vector V<212) is represented in coordinate system S,.
Step 4: The representation of v!'?) in coordinate system S; is obtained by the following
transformation:

12 12
V(l ) = L12(¢)V(2 )

= {Li2(¢)La1(9)p1(x1, y1. 21) + Lia(@) [d14(9)  d24(d) aza(@)]" }o.  (2.2.5)
Here, L, is the inverse matrix of Ly and L{,L,; = I where I, is the unit matrix
3 x 3.

Note I. The product Lixlo isa skew-symmetric matrix (see Section 2.3).

Note 2. We may consider matrix equation

ri(x1, ¥1, 21, 1) = My2(9)ra(x2, y2, 22, 1). (2.2.6)

Similar derivations enable us to obtain V(121) = p; and V(221) = L21(¢)V(121), resulting in
the following equations:

V<121) = {L12(¢)p2(x2, ¥2.22) + [d14(9)  d2a(¢)  d3a(e)]" }¢ (2.2.7)

V(221) = L21(¢)V(121)

= {Lo1(¢)L1a(9)p2(x2. y2. 22) + La1(¢) [d14(9)  d2a(d) aza(@)]" }o.  (2.2.8)

Elements d14(¢), d24(¢), and a34(¢) in Egs. (2.2.4) and (2.2.5) do not coincide with
corresponding elements d14(¢), d24(¢), and ds4(¢) in Egs. (2.2.7) and (2.2.8). These
elements have to be obtained from matrices M, and My, respectively.

Problem 2.2.1

Consider the coordinate transformation represented in Fig. 2.1.3. Derive and represent
1 L (12) (12)

the sliding velocities v, ~ and v ~.

Solution
Matrix My is represented as

cos¢p —sing 0 p¢
sing cos¢p O —p
Myi(9) = (2.2.9)
0 0 1 0
0 0 0 1
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The performed derivations yield

—x18In¢ — y1cos¢ + p

V(212) = ol X1 COS¢ — y1sin¢ (2.2.10)
0
—y1 + peose
V(112) = (1)(1) X1 —p Sin¢) . (2211)
0
Considering matrix equation
ri(x1, y1, 21, 1) = Mia(@)ra(x2, y2, 22, 1) (2.2.12)

where

cos¢ sing 0 p(sing — ¢ cosq)
My () — —sing cos¢ 0 p(cos¢ + ¢sing) , (22.13)
0 0 1 0
0 0 0 1

)

C . . 12) . ..
we can represent the sliding velocity V(2 in terms of position vector r;(x2, y2, 22, 1) as

2.3 APPLICATION OF SKEW-SYMMETRIC MATRICES

Equations (2.2.5) and (2.2.8) may be used directly for computerized operations on
matrices. It may also be shown that these equations express the representation of v(!?)
in terms of skew-symmetric matrices.

Let us recall that a cross product

V=wXr (2.3.1)
may be represented in matrix form as

v=w'r (2.3.2)
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where the skew-symmetric matrix w* is represented as

0 -,
ws = a)z O —_ a)x . (2.3.3)
—wy 0
It is easy to verify that
0 -0l 0
L>(¢)L h= | o = (M) 2.3.4
{Li2(¢)L21(0)} & 1) 0 0 (w}') (2.3.4)
0 0 0

represents in Sy the skew-symmetric matrix for the case in which (Figs. 1.5.5 and 2.1.1)
Wi = 0k, (2.3.5)
The final expression of the sliding velocity v!!?) in terms of the skew-symmetric matrix

in coordinate systems S; is represented as

W = (@) il v, 21) + {Lia(d) [a1s(@) (@) @)}, (2.3.6)

Problem 2.3.1

Consider the coordinate transformation represented in Fig. 2.1.3. Derive and represent
the sliding velocity V(112) using the skew-symmetric matrix for the vector of angular
velocity.

Solution
Matrix My is represented by Eq. (2.2.9). From Eq. (2.2.9), we obtain

cos¢p —sing 0

Loi(¢) =] sing cos¢p O (2.3.7)
0 0 1

cos¢ sing 0
Lia(@) =Ly (¢)=| —sing cos¢ O (2.3.8)

0 0 1

and

a14(9) = p¢ (2.3.9)
d24(¢) = 0 (2.3.10)

asa(¢) = 0.
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The skew-symmetric matrix for the vector of angular velocity (w(]”)s is given by

0 -1 0
(w(U)S =o' 1 0 o0
0 0 O
Using Eq. (2.3.6), we obtain
—Yy1+pcos¢g
v<112) =o'V x| — psing

0

(2.3.11)

(2.3.12)



3 Centrodes, Axodes, and Operating
Pitch Surfaces

3.1 THE CONCEPT OF CENTRODES

Consider that two bodies, 1 and 2, perform planar motions with respect to a fixed
reference frame, f. We consider three cases:

(a) Both bodies perform rotational motion in opposite direction about parallel axes
O and O, with instantaneous angular velocities w'! and w® (Fig. 3.1.1).

(b) Both bodies perform rotational motions in the same direction with angular veloci-
ties w'” and w? (Fig. 3.1.2).

(c) One of the bodies, say 1, performs rotational motion with angular velocity w, and
the other body performs translational motion in the plane of motion with linear
velocity v (Fig. 3.1.3).

The instantaneous center of rotation, designated I, is the point in the fixed coordinate
system where the relative velocity v!'? is equal to zero, that is,

vi12) — (1) _ @) — 0. (3.1.1)
Vector equation
vl = y@ (3.1.2)

can be observed only at such a point I that lies on the shortest distance OO, and
satisfies the equation
a)(l) OzI

o? = 0,1 (3.1.3)

The location I on the center distance O O, provides the same direction for vectors v(!)

and v?). Equation (3.1.3) provides that vectors v(!! and v?) not only are of the same
direction but also have the same magnitude.
For the most common case, the gear ratio

)

i (3.1.4)

my =

44
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Figure 3.1.1: Rotation between paral-
lel axes in opposite direction.
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is constant and the instantaneous center I of rotation keeps its position on O10;. In
some cases, the gear ratio is given by a function

my1 = f(¢1)

where ¢ is the input parameter, the angle of rotation of body 1. Then, the instantaneous
center of rotation translates along OO, in the process of transformation of rota-
tion.

The centrode i is the locus of instantaneous centers of rotation in coordinate system
S; (i=1,2). We may imagine that point I (it translates along O O, or it is at rest) traces
out the centrode while coordinate system S; rotates about O;. For the case in which

(2)
02 1»-3
Figure 3.1.2: Rotation between parallel
axes in the same direction. 0 o
| ¢—————
1 P

RO RN
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19— (1)
[
Figure 3.1.3: Transformation of rotation
into translation.
ot
01 L ———_

myy is constant, the centrodes are circles of radii p; and p, that are determined from
the following equations:

(i) The rotation is performed in opposite directions (Fig. 3.1.4)
E E mle

pPr=-—"—— pP2= = (3.1.5)
1+ mqa 1 4 my 14 my
where
1
mpy = —.
M1
(ii) The rotation is performed in opposite directions (Fig. 3.1.5)
E E my E
=" pP= = . (3.1.6)
[T —myy| [T —m| |1 —mial
@ P2 )
, 2
4/ 2—0 02
02
|
Figure 3.1.4: Centrodes in external
tangency.
W12 ! F o1
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v
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Figure 3.1.5: Centrodes in internal =
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The relative motion of centrode 1 with respect to centrode 2 is pure rolling about I
with angular velocity

w12 = o) _ @ (3.1.7)

For the case in which 7,1 # constant, the centrodes are noncircular curves, either
closed or unclosed. Gears with such centrodes are called noncircular gears (See Chap-
ter 12 and Litvin, 1956, 1968).

Figure 3.1.6 shows two unclosed centrodes that are in tangency at point I. We recall
that the relative motion of the centrodes is pure rolling. Respective points M; and M,

Figure 3.1.6: Noncircular centrodes of mating gears.
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of the centrodes that will become the points of tangency satisfy the equations
IM, =My, pi(61) + p2062) = E. (3.1.8)

Function p;(6;) (i =1, 2), where 6; is the polar angle, determines the centrodes. We
emphasize that for noncircular centrodes, angles 6, and 6, are related as follows:

(91 01
60 = ma1(¢p1)do; = ma1(01)d6y. (3.1.9)
0 0
Here, 0; = ¢;, where ¢; is the angle of rotation, but the polar angle 6; is measured in a
direction that is opposite to the direction of rotation.
It is evident that

1
¢ = ; ma1(P1)de. (3.1.10)

We recall that for the case where 11,1 is constant, we have

&1
Let us consider now the case where rotation is transformed into translation and vice
versa (Fig. 3.1.3). The instantaneous center of rotation I lies on line Oq7 that is drawn
from O; perpendicular to the velocity v of translation. The location of I satisfies the
equation

o 1=% (3.1.12)
w

The relative motion of body 1 with respect to body 2 is pure rolling about I with
angular velocity w'!?) = w. For the case where the ratio v/w is given as function v/w =
f (¢) where ¢ is the angle of rotation of body 1, the instantaneous center of rotation
moves along Oq7 in the process of transformation of motion. Figure 3.1.7 shows the
centrodes for such a case. Usually the ratio v /w is constant, the magnitude of segment
Ol is also constant, and the centrodes represent respectively a circle of radius » =v/w
and a straight line a—a that is tangent to the circle (Fig. 3.2.1).

Yr

Figure 3.1.7: Centrodes of noncircular gear and rack.
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Pe

Rack-cutter

Figure 3.2.1: Centrodes of rack-cutter and spur gear.

3.2 PITCH CIRCLE

The pitch circle is the reference circle that is used for determination of tooth element
proportions. The tooth addendum and dedendum are measured from the pitch circle.
The tooth thickness and the distance between the teeth are also referred to the pitch
circle.

Another definition of the pitch circle is based on the fact that the pitch circle is
the centrode of the gear, which is in mesh with the rack-cutter (Fig. 3.2.1). The pitch
circle of radius 7 is the gear centrode in the process of generation because the angular
velocity of the gear being generated and the linear velocity of the rack-cutter satisfy the
equation

— (3.2.1)

The rack-cutter centrode is the straight line a—a that is tangent to the pitch circle.
The radius 7 of the gear pitch circle can be expressed in terms of the number N of
gear teeth and the distance p. between two neighboring teeth of the rack-cutter. Due to
pure rolling of the rack-cutter and the gear centrode, the distance along the pitch circle
between two neighboring gear teeth is equal to p. and

_ Np.

= . 2.2
7 7 (3.2.2)

The ratio 7/ p. is called diametral pitch, P, and its unit is 1/in. The magnitude of P
is standardized to decrease the number of applied tools. The diameter of the pitch circle
can be expressed as

d =

N
> (3.2.3)
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The term — diametral pitch — is based on the consideration that the ratio

P=— 3.2.4

7 ( )
indicates the number of teeth corresponding to one inch of the diameter of the gear
pitch circle.

3.3 OPERATING PITCH CIRCLES

The gear pitch circle can be identified uniquely by knowing the number N of gear teeth
and the diametral pitch P (or the circular pitch p.). The centrodes of gears can be identi-
fied considering as given the ratio 71, = »! /w?) and the actual center distance E. This
means that if 721, is of the same magnitude but the designed value E has been changed,
then the radii of the centrodes p; and p; will also be changed [see Egs. (3.1.5) and (3.1.6)].

Usually, a change in the gear center distance is accompanied by a change in the gear
ratio mqy due to the caused transmission errors. Involute spur and helical gears are
exceptions to this rule. We have to differentiate two cases of design of involute gears:
those with standard and those with nonstandard center distances (see more details in
Chapter 10). The standard center distance is determined as

N1+ N,

E
° 2P

(3.3.1)
and the gear centrodes coincide with the pitch circles.

If the center distance E differs from E,, the gear centrodes do not coincide with the
pitch circles. The term “operating pitch circles” that is used in the technical literature is
just a synonym of gear centrodes. Figure 3.3.1 shows the gear centrodes and the pitch
circles for the case when E > E,. It is evident from Egs. (3.1.5) and (3.1.6) that the
ratio between the radii of pitch circles and operating circles is related as follows:

= —. (3.3.2)

Figure 3.3.1: Pitch circles and cen-
trodes.

Operating pitch Pitch circles

circles (centrodes)
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o
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Figure 3.4.1: Axodes: rotation between in-
tersected axes.

3.4 AXODES IN ROTATION BETWEEN INTERSECTED AXES

Figure 3.4.1 shows that the rotation is transformed between two intersected axes Oa
and Ob that form the angle y. The gears rotate in opposite directions. The instantaneous
axis of rotation OI is the line of action of the angular velocity w!'? in relative motion
of gear 1 with respect to 2 (or 2 with respect to 1). Here,

w12 — 1) _ @ (3.4.1)

Similarly,

2)

Wi = 2 — M), (3.4.2)

The orientation of OI with respect to the gear axes is determined with angles y; and
y, that are represented as

sin sin
tany = —— | tanpy=—¥ (3.4.3)
miy + COSy my1 + CcoSy
Here,
y=n-+n (3.4.4)
(n 1 2)
w w
miy) = m, nmj1 = m—lz = m <3.4.5)

where m1; (or myq) is the gear ratio. The gear ratio can also be expressed in terms of
angles of the pitch cones and the numbers of gear teeth
sin y, N,

= ==, 3.4.6
2 sin yq N,y ( )

The locus of instantaneous axes of rotation in the movable reference frame,
S; (i=1,2), which is rigidly connected to rotating gear i, forms the axode. In the case
of transformation of rotation between the intersected axes, the axodes are two circular
cones with apex angles y; and y, (Fig. 3.4.2). These cones are called pitch cones, their
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Figure 3.4.2: Plane and cone as axodes.

line of tangency is OI, and the relative motion is pure rolling — rotation about OI. The
angular velocity w1?) = w) — w? represents the angular velocity of pitch cone 1 when
it is rotated about OI while cone 2 is held at rest.

Problem 3.4.1

Consider that the transformation of rotation is performed between intersected axes und-
er the condition that the pitch cone of gear 1 is turned out into a plane IT (Fig. 3.4.2).
The gear ratio is 712 and the gears rotate in opposite directions. (i) Determine the angle
of pitch cone of gear 2; (ii) express the angle y between the intersected axes in terms
of ;.

Solution
(i) Equation (3.4.6) yields
sin y, = my;. (3.4.7)
(i) Using the expression for tan y, in Eq. (3.4.3), we obtain
Cosy = —mqy = —sin ;. (3.4.8)
The equation provides two solutions for y that are represented in Fig. 3.4.3,

y=90°+y, and y =270°—y,.

3.5 AXODES IN ROTATION BETWEEN CROSSED AXES

Consider two bodies rotating about crossed axes with the angular velocities w'! and
w'?), respectively (Fig. 3.5.1). The axes of rotation form the twist angle y, and the
shortest distance between the axes is E. The relative motion of body 1 with respect to
body 2 may be represented as a motion of two components: (a) rotation about axis z»
with angular velocity (—w'?)) and (b) rotation about axis z s with angular velocity w!).
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Figure 3.4.3: Two locations of cone-axode with re-
spect to plane II.

Figure 3.5.1: Rotation between crossed
axes: substitution of vectors of angular

velocities.
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Our goal is to prove that the described relative motion may be represented as screw
motion about an axis s—s. This axis and the lines of action of w" and w'® lie in parallel
planes that are perpendicular to the line of shortest distance O1— O;. The proof is
based on the concept that a given sliding vector may be substituted with an equal vector
with a parallel line of action and a corresponding vector moment. Figure 3.5.1 shows
that vector w!) that passes through Oj is substituted with an equal vector that passes
through B and the moment

m'Y = BO; x w'V.

Similarly, vector (—w'®) that passes through O, is substituted with an equal vector that
passes through point B and the moment

m? = BO; x (—w'?).

Then, the relative motion of body 1 with respect to body 2 may again be represented in
two components: (i) rotation about s—s with the angular velocity

w12 = W 4 (—w?) = L) — W (3.5.1)
and (ii) translation with the velocity
m'"? =m" + m* = (BO; x w'") + [BO; x (—w'?)]. (3.5.2)

Choosing a certain location of point B, we can provide the collinearity of vector w1?)
and m. This means that the relative motion of body 1 with respect to body 2 will be a
screw motion about axis s—s.

Henceforth, we consider three reference frames 1, 2, and [ that are rigidly connected
to the bodies and the housing of the gear train. We employ in the reference frame f,
the fixed coordinate system S¢(x7, yr, 2f) whose axis xy is collinear to the vector of the
shortest distance O1 O, = E and the 27 axis is the axis of rotation of body 1. Vectors

w2 and m'?) are represented in S; by the following equations:
w(fu) =[0 —o¥siny (0" -0 cos y)]T (3.5.3)
0
m'? = | X, ) 3.5.4
r= o' —(Xy + E)o'“ cosy |- (3.5.4)

(X7 + E)w' siny

Here, X/ is considered as an algebraic value and determines the location of point B
on axis x /. The direction of vector-moment m''? depends on the sign of Xy.

We may require the collinearity of m1?) and w'?), which means the relative motion
will be a screw one. Using the equation

m'1?) = w12 (3.5.5)
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and Egs. (3.5.3) and (3.5.4), we obtain the equations of the axis of screw motion, s—s
(Fig. 3.5.1),
Emyy(cosy — myy)

Xs= 3.5.6
=1z 2myy cosy +mi ( )

v .
2 ___mmsmy (3.5.7)
Zys 1 —myjcosy
where
o
nmy1 = a)<1) .

Equation (3.5.6) determines the location of plane IT where lies s—s; the negative value of
X indicates that the plane intersects the negative axis x 7. Equation (3.5.7) determines
the orientation of s—s in plane I1.

For the case when body 2 rotates in the direction opposite to that shown in
Fig. 3.5.1, it is necessary to change the sign of #1;;1 in Egs. (3.5.6) and (3.5.7). Due
to the collinearity of m'? and w''?, we may represent m!? as

m''? = pw1?, (3.5.8)

Here, p is the screw parameter that relates the angular velocity w!'? and the linear
velocity m'?) in the screw motion. Parameter p is determined by the equation

myq sin y
=E . 3.5.9
b 1—2my cosy + m%l ( )

The instantaneous axis of screw motion does not change its location or orientation if
ma1, v, and E are constants. While bodies 1 and 2 are rotated, the instantaneous axis of
screw motion, s—s, generates in reference frames 1 and 2 two surfaces — the hyperboloids
of revolution. These surfaces are the axodes for the case of transformation of rotation
between crossed axes. The axode represents the locus of the instantaneous axis of screw
motion that is generated in coordinate system S; (i=1, 2).

The derivation of axodes is based on the following considerations:

(i) Using Eqgs. (3.5.6) and (3.5.7) we may represent in Sy the axis of screw motion by
the following equations:

Emyi(cosy — may)

xp = yf =-—usinf, zf=ucosp. (3.5.10)

1 —2myicosy +mj3,

Here, u = B M is the variable parameter that determines the location of a point
on s—s (Fig. 3.5.2); B is a constant parameter and indicates the angle that is formed
by s—s and axis z¢ and is determined with the equations

. myq sin y
sin 8 =

(1 — 2myi cosy +m3 )2

1 —mycosy
= . 3.5.11
cos B (1 — 2may cosy + m2y)12 ( )
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Xy

i g Figure 3.5.2: Representation of axis of screw motion in Sy.

(ii) The coordinate transformations from S; to S; and S,, respectively, yield the
following equations of hyperboloids in S and S;:

X1 = —¥,COS ¢1 — u sin S sin ¢
Y1 = 7o Sin g1 — u sin B cos ¢y (3.5.12)

g1 =ucosp

x) = (E —1,)cos¢y —usin(B + y)sin g,
y2 = —(E —1,)sin¢p, — usin(B + y) cos ¢ (3.5.13)

22 =ucos(f +y).

Here, 7, = —Xr,and # and ¢; (i=1, 2) are the surface coordinates (see the definition of
surface coordinates in Section 5.2). A hyperboloid of revolution is shown in Fig. 3.5.3.
Two mating hyperboloids contact each other along a straight line that is the axis of
screw motion (Fig. 3.5.4). The relative motion of hyperboloids is rolling with sliding
(about and along the axis of screw motion).

There are three types of gear trains that perform rotation between crossed axes:
hypoid gears, worm-gear drives, and crossed helical gears.

3.6 OPERATING PITCH SURFACES FOR GEARS WITH CROSSED AXES

The idea of gear axodes is useful for visualization of the sliding velocity but it has not
found application in design. The reason is that the dimensions of the driving and driven
gears must satisfy many requirements that cannot be observed with the dimensions that
are chosen for gear axodes. Therefore, the design of gears with crossed axes is based on
the idea of operating pitch surfaces but not on the concept of axodes.

The operating pitch surfaces represent (i) two cylinders for a worm-gear drive and
helical gears with crossed axes, and (ii) two cones for spiral and hypoid gear drives. The
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Throat of hyperboloid
Figure 3.5.3: Hyperboloid of revolution.

chosen surfaces, which are called “operating pitch surfaces” in the technical literature,
must satisfy the following requirements:

(i) The axes of cylinders (cones) have to form the same twist angle and be at the same

shortest distance as the gears to be designed.
(i) The cylinders (cones) must be in tangency at the mean point of contact of the

surfaces of the gears to be designed.

Axis of screw motion

P P

Figure 3.5.4: Mating hyperboloids.
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The relative sliding velocity v at point P of tangency of the cylinders (cones) must
lie in the plane that is tangent to the cylinders (cones), and v!'?) must be directed
along the common tangent to the helices of the gears to be designed. The term
“helix” is a conventional one. Actually, we have to consider a spatial curve that
belongs to the operating cylinders (cones) and represents the line of intersection of
the gear tooth surface with the operating cylinders (cones). For the case of a helical
gear, a cylinder worm, this line of intersection is indeed a helix. For the case of
spiral bevel gears and hypoid gears, the line of intersection is a spatial curve that
differs from a helix and might be represented with complicated equations.

Point P of tangency of operating pitch cylinders (cones) will be simultaneously the
point of tangency of gear tooth surfaces if the surfaces have a common normal N
at P and N is perpendicular to v!'?) (see Section 6.1).

It is shown below that the ratio of radii of two cylinders (cones) at point of contact P
is not unique for the given gear ratio 721,. Therefore the previously mentioned require-
ments for the operating pitch surfaces must be complemented with additional relations
between their parameters. The idea of operating pitch surfaces will be illustrated in
following chapters for (i) helical gears with crossed axes, (ii) a worm-gear drive, and
(iii) hypoid gears.
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4.1 PARAMETRIC REPRESENTATION

Consider a coordinate system S(x, y). A position vector that is drawn from the origin
of coordinate system S to a current point of the curve is represented by vector function

r0) = x(0)i+y@®)j, @) eC’ HeG (4.1.1)

where i and j are the unit vectors of coordinate axes. The symbol C° means that x(6)
and y(0) are continuous functions; G designates the open interval a < 0 < b for the
variable parameter 6. Functions x(6) and y(6) associate the point of the curve with the
variable parameter 6.

A simple curve means that there is one-to-one correspondence between the point of
the curve and parameter 6. A simple curve does not have points of self-intersection.
Examples of self-intersecting curves are an extended involute curve (Fig. 1.6.2) and an
extended epicycloid (Fig. 1.6.1). In some cases, to avoid the appearance of a point of
self-intersection it is sufficient to just limit the interval (a, b) for the variable parameter 6.

A parametric curve is a regular curve if

r@)eCl, 1, #0, 6HeG. (4.1.2)
Here,
dr ) )
Iy = ¥7 = Xp1 + Yo (4.1.3)
where
d d
X9 = X Y

do- T g
The inequality ry # 0 means that
x| + 1351 £ 0 or  xj + 35 #0.

Symbol C! means that functions x(#) and y(#) have continuous derivatives to the first
order at least.

59
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4.2 REPRESENTATION BY IMPLICIT FUNCTION

An equation
P(x,y) =0, (x,y) e G (4.2.1)

does not necessarily represent a planar curve. Rather it merely represents a set of points
in the (x, y) plane. Some of these points may be just isolated points and some may form
a curve.

Consider that Eq. (4.2.1) is given. There is a set of parameters

P = (x0, ¥o) (4.2.2)

that satisfies Eq. (4.2.1). The existence of a simple and regular curve in a local sense, in
the neighborhood of P, is guaranteed if the curve is represented by

P(x,y)=0, ¢eC', |pl+Ipyl #0. (4.2.3)
The inequality in expressions (4.2.3) may also be represented by
¢z + ¢3 # 0. (4.2.4)

Inequality (4.2.3) means that both partial derivatives cannot be equal to zero simulta-
neously. Consider that inequality (4.2.4) is observed just because ¢, # 0. Then in the
neighborhood of point P [see Eq. (4.2.2)] Eq. (4.2.1) may be solved by function y(x)
and this function represents a simple and regular curve.

4.3 TANGENT AND NORMAL TO A PLANAR CURVE

The concept of a tangent to a planar curve is based on the so-called limiting positions
of rays [Zalgaller, 1975]. Consider a set of rays that are drawn through a curve point
M and its neighboring curve points M; (i = 1,2, ..., n). As points M; approach point
M, all rays come to some limit position. In the case shown in Fig. 4.3.1(a), there are
two limiting rays with coinciding lines of action. These two rays form the tangent to
the curve at point M. Point M is identified as a regular point of the curve. Only one
limiting ray exists at curve point M, as shown in Figs. 4.3.1(b) and 4.3.1(c). Thus, only
a “half” tangent exists at these points. Point M shown in Figs. 4.3.1(b) and 4.3.1(c) is
called the point of regression, which is of the variety of singular points. A tangent T
exists only at a regular point of a curve. A curve point where the tangent T does not
exist or is equal to zero is identified as a singular point.
Consider two cases for determination of tangent T:

(a) The curve is represented in parametric form by
10)eC', 1 #0, 0eG.
Then,

T =15 = xoi + Voi. (4.3.1)
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Rays

Plane curve

. L Tangent (two limiting rays)
Figure 4.3.1: Limiting rays and tangent:

(a) illustration of rays and tangent; (b) and
(c) illustration of limiting ray, tangent, and (a)
two branches of a planar curve.

/ Limiting ray Limiting ray

Plane curve
branches

(b) Plane curve branches (c)

(b) The curve is represented by an implicit function,
$lx.y)=0. ¢peC'. (x.3)€G. ¢i+¢;#0.
Then, the tangent is represented by the equation,
Ti¢p + Typy = 0. (4.3.2)
Curve singular points are determined with ry = 0 and ¢2 + ¢§ = 0 for the previously
mentioned two cases, respectively. A point of regression is a particular case of a singular

point where a “half” tangent exists [Figs. 4.3.1(b) and 4.3.1(c)]. Limiting the discussions
to parametric curves, we say [Rashevski, 1956]:

(a) a point of regression exists if
rp =0, 199 # 05
(b) the direction of the tangent at the point of regression is determined by vector rgy.

Henceforth, we consider regular points. The unit tangent to the curve, t, is determined
with the equation

1
t=— = —(Tyi+ Tyj) (4.3.3)
m
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where m = (T? + Tyz)l/z. The normal to a planar curve is perpendicular to its tangent
and is represented by the equation

N=Txk or N =kxT. (4.3.4)

Here, k is the unit vector of the z axis; vectors N and N* are of opposite direction.
Henceforth, we use the equation

i j k T,
N=Txk=|T, T, 0|=|-T, |. (4.3.5)
0 0 1 0
The unit vector is determined by
N 1 . . .
n=—=————(T,i—Tj) (provided N # 0). (4.3.6)

NI /T2 4 T2

It is also necessary to derive the equation of a tangent or a normal that is drawn
to the curve from a given point. Consider that the tangent to the curve is drawn from
point D(X, Y) [Fig. 4.3.2(a)] and the position vector for point D is

OD = OM + MD = xi+ yj+ Ar(Tii 4+ Tyj). (4.3.7)
)
Tangent D
M
Plane curve
x
’ (a)
Figure 4.3.2: Tangent (a), and tangent and
y normal (b) to a planar curve.
T
M
Plane curve
Normal
E
x
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Here, point M(x, y) is the point of tangency of line M D with the curve; At is a scalar
and relates the length of MD and T(MD = A7T). Equations (4.3.7) yield

X—x Y-y
Ty T,

0. (4.3.8)

We may obtain the following equations for tangents to curves represented in para-
metric form [Eq. (4.1.2)] and by an implicit function [Eq. (4.2.3)], respectively:

X —x(0) B Y —y(0)

X0 Yo

=0 (4.3.9)

(X —x)px +(Y —y)p, =0. (4.3.10)

Similarly, we may derive the equations of a normal that is drawn to the curve from point
E [Fig. 4.3.2(b)]. These equations are represented for the two previously mentioned
cases as follows:

X—x() Y-y

+ =0 (4.3.11)
Yo Xg
X—x Y-
x_ITY o, (4.3.12)
Px 9y

Some curves that are applied as gear tooth shapes are generated by the rolling of a
circle or a straight line over another circle. It is evident that the curve normal must pass
through the instantaneous center of rotation, I.

Figure 4.3.3 shows a plane curve — an extended epicycloid — that is generated by point
M; M is rigidly connected to circle 2. At every instant, the relative motion of circle 2
with respect to circle 1 may be represented as rotation about the instantaneous center
I with the angular velocity,

o) = @ 4 KM w?) = d_‘p o'l = ﬁ ]
dt dt

We may easily determine tangent T and normal N to the curve at point M using the
following considerations:

(1) While circle 2 rotates about I, point M moves along tangent T to the curve. Thus
T is perpendicular to MI.

(2) The direction of normal N at point M coincides with M1 and is directed from M
to I according to the cross product,

N=Txk

Problem 4.3.1

An involute curve is generated by point M of a straight line that rolls over a circle
of radius 7, — the base circle. There are two possible parametric representations of an
involute curve (see Section 10.2).
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Extended epicycloid

Yy
M
Ny
Y P
02
0
r I R
: w21 x
1 Figure 4.3.3: Derivation of extended epicycloid: (a) illustra-
tion of tangent T and normal N; (b) illustration of relation of
(a) 0 and .
Yy
9
R
M
n v
/
0 0
1
0 x
(b)
Solution

REPRESENTATION |. [Fig. 4.3.4(a)]:

£(8) = —*[sin(inv 0)i + cos(inv 0)j]
COS

(4.3.13)
inve=tanf -6, -—- <0<
inv , > 5
Equation (4.3.13) may be derived as follows:
M = i , x=0OMsiny, y=OMcos,
cosf

M:B = (¥ +0), MB=r,tan0,

M,B= MB, and ¢ = tanf —6 = inv 6.

REPRESENTATION 2. [Fig. 4.3.4(b)]:

R(u) =rp[(sinu —ucosu)i+ (cosu +usinu)j], —oo<wu <oo. (4.3.14)
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Y
M
Y= inwo Mo Involute curve
x
U 0
Base circle
(a)
Figure 4.3.4: Parametric representation of involute
curve: (a) in terms of 0, and (b) in terms of u.
Y T
M

Moy JR\NN Involute curve

¥ \\B

U3 0

Base circle

(b)

To derive this equation we use the following relations:
OM=0OB+BM, x=0OB-i+BM-i
y=0B-j+BM-j, MB=M,B=ryu.

Parametric representation (4.3.14) may be derived from Eq. (4.3.13) by changing the
parameter 6 to parameter # using a continuous strongly monotonic function,

O(u) = arctanu, —00 <u < Q. (4.3.15)
Relation (4.3.15) may be verified by the drawings in Fig. 4.3.4, which yield
MB =rptanf [Fig. 4.3.4(a)]
MB =M, B= ryu [Fig. 4.3.4(b)].
Problem 4.3.2
An involute curve R(u#) represented by Eq. (4.3.14) is considered.

(i) Derive the equation of tangent T, the unit tangent t, the normal N =T x k, and
the unit normal n.
(ii) Interpret geometrically the direction of normal N.
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(iii) Determine the point of regression and the direction of the “half” tangent at this
point.

Solution

(1)

T =R, =rpu(sinui+ cosu j) (4.3.16)
t=sinui+cosuj (providedu # 0) (4.3.17)
N = rpu(cosu i —sinu j) (4.3.18)
n=cosui—sinuj (providedu # 0). (4.3.19)

(ii) The direction of normal N at the instantaneous point M coincides with the direction
of tangent MB to the base circle.
(iii) The point of regression is determined with R,, = 0 and R,,,, # 0, where

R, = rp[(sinu + u cosu)i + (cosu — u sinu)j]. (4.3.20)

Equations (4.3.16) and (4.3.20) yield that # = 0 corresponds to the point of re-
gression. Equation (4.3.20) with # = 0 gives R,,, = 7pj. Thus the half tangent at
point My is directed along the positive y axis.

Problem 4.3.3
The derivation of the extended epicycloid is shown in Fig. 4.3.3. Position vector OM
for a current point M of the curve is represented by

OM =00, + O, M.

It is necessary to (i) represent the extended epicycloid in coordinate system S(x, y); (ii)
derive the equations of the tangent T, unit tangent t, normal N, and the unit normal n;
and (iii) investigate the existence of singular points.

Solution
(i) Equations of the extended epicycloid are

x=(r+p)sind —asin@ + )

(4.3.21)
y = (r + p)cos® —a cos(6 + V)
where
a=O0,M, v="_¢
0
(ii) The components of tangent T are represented as
Ty =x9 = (r + p)[cos® — mcos(6 +
o= (r+p)l 0+ )] (4.3.22)

Ty = yy = —(r + p)[sin® — msin(0 + ¥r)]
where

a
m=—.
0
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The unit tangent is
t=(1—2mcosy +m?)"*{[cos® — mcos(6 + ¥)]i
—[sin@ — msin(0 + ¥)]j}. (4.3.23)
The components of the normal N are
Ny=T,. N,=-T,. (4.3.24)
The components of the unit normal 7 are
e =ty, 1y =—ty. (4.3.25)
(iii) The extended epicycloid does not have singular points because T # 0.
Problem 4.3.4
Consider an ordinary epicycloid that is generated by point M, [Fig. 4.3.3(a)].

(i) Derive the equations that represent the curve in coordinate system S(x,y)
[Fig 4.3.3(a)].
(ii) Derive the equation of tangent T = ry and the equation for 4.
(iii) Investigate the existence of singular points and points of regression.

Solution
(i) The ordinary epicycloid is represented by the following equations:
x=(r+p)sind —psin(@ +vy), y=(r+p)cosd — pcos(@+ V).
(i) The tangent T is
T=r9=(r+ p){[cos® — cos(6 + {)]i — [sinh — sin(6 + ¥)]j}.

The derivative rgg is

99 = (r + p) {[—sine + <1 + %) sin(6 +1//)]i

- [cos@ - <1 + %) cos(6 +1p):|j}.

(iii) The equation of singular points is r, = 0. Such points occur at positions where
Y =2mn (n=0,1,2,...)and 0 = 2”7"". The above-mentioned singular points are
points of regression because rgg # 0.

The direction of the “half” tangent is determined with

2 2
fop = r+plr |:sin< nnp>i+cos <—7m'0>j:| (m=0,1,2,...).
0 r r

The half tangent coincides with the position vector that makes the angle 6 = 27np/r
with the y axis.
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S
T(s)

T(s+As)

N

Figure 4.4.1: For derivation of curvature
of a planar curve: (a) illustration of two
tangents at neighboring points M and N;;
(b) osculating circle at point M.

Osculating circle

(b)

4.4 CURVATURE OF PLANAR CURVES

Introduction
To simplify the following derivations, we consider that the curve is represented by vector
function

t(s)e C*, seE (4.4.1)

where s is the length of the curve arc. Consider two neighboring points M and N of
the curve that correspond to s and (s + As), respectively [Fig. 4.4.1(a)]. The length of
the arc between points M and N is As, and A« is the angle between the tangents at M
and N.

The limit of the ratio Aa/As as point N approaches point M is known as the curvature
of the curve at point M (denoted as k). We may also consider the limit of the inverse
ratio As/Aa, which is known as the radius of curvature (denoted as p.) of the curve
at point M. Here, p. is the radius of the limiting (osculating) circle which is drawn
through point M and two neighboring points N and N’ as they approach point M
[Fig. 4.4.1(b)]. Center C of the circle is called the center of curvature. The deviation of the
curve from the osculating circle can be determined by application of Taylor’s expansion
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(see below). It is proven in differential geometry that the curve and the osculating circle
have tangency of the second order at current point M (see below).

Frenet Trihedron
The right-hand Frenet trihedron is formed by three unit vectors t, m, and b shown in
Fig. 4.4.2. Here,

t=mxb, m=bxt, b=txm. (4.4.2)
Unit vector t is determined as
d
ts) = £ —p,. (4.4.3)
ds

Vector t is the unit tangent vector to the curve at its current point M; t is a unit vector
because |dr| = ds. Unit vector m is determined as

_ rSS

|Tss |

(4.4.4)

where rg, = 8%r/ds2.
Our intermediate goal is to prove the following properties of unit vector m(s):

(a) Unit vector m(s) is located in the plane where the curve is represented, and m(s) is
the unit normal to the planar curve.

(b) Unit vector m(s) is such a unit normal to the planar curve that is directed from
current point M of the curve to the curvature center C [Fig. 4.4.1(b)].

The proof of this statement is based on the following procedure:

Step 1: The derivative ap = (d/d®)(a(9)) of a unit vector a(0) is perpendicular to a(d).
Here, 6 is the variable of vector function a(@).

The proof of this statement is based on the following considerations:

(1)

[a(é’)]2 =a(f)-ad) =1 (4.4.5)
I \54\
™S W P b
- -
. t
N ¢
m /
™
Figure 4.4.2: Frenet’s trihedron for a planar curve.
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because a(f) is a unit vector. Differentiating both parts of Eq. (4.4.5), we obtain
a-ay =0. (4.4.6)

(ii) Equation (4.4.6) confirms that the derivative ay of unit vector a(d) is perpendicular
to a(f).
Step 2: Consider vector equation r(s) of a planar curve. The unit tangent to the curve
is represented as

t= % (r(s)) = rs. (4.4.7)
Vector

s = 4 (ts)) =t (4.4.8)

ss = 00 s

is the derivative of unit vector t. Thus, similar to Eq. (4.4.5), we have
re -t=0. (4.4.9)

Unit vector m has the same direction as rss [see Eq. (4.4.4)] and therefore m is perpen-
dicular to the unit tangent t.

Step 3: Vector b in the Frenet trihedron is perpendicular to plane IT of the curve
(Fig. 4.4.2) and is represented as follows:

s X Tss s X T
b=txm= =

= : (4.4.10)
|Tss | ts X Tl
Vector 1 lies in plane IT already. It was proven in Step 2 that ry, is perpendicular to t.
Equation (4.4.10) is observed indeed if vector rg lies in plane IT as well. Vector m is
the unit normal to the planar curve because it is perpendicular to the unit tangent t and
lies in plane IT where the curve is represented. Statement (b) emphasizes that the unit
normal m is directed from M to center C of the osculating circle. The proof is based on
application of Taylor’s expansion and the following discussion:

Step 1: Consider that the curve is represented by the vector function r(s). Points M
and N are neighboring points of the curve, and MN is the vector of the displacement
of N with respect to M [Fig. 4.4.1(b)].

Step 2: The displacement vector MN may be represented by Taylor’s expansion as

2 3
MN =r(s + As) —r(s) =1, As +rSSATS +rsssATs +--e (4.4.11)
The derivatives rg, 1y, and 1 are taken at point M of the curve.

Step 3: Itis known from differential geometry that the planar curve and the osculating
circle are in tangency of second order at curve current point M [Fig. 4.4.1(b)]. Thus,
we can take only the first two members of Taylor’s expansion while considering the
displacement vector MN.

Vector 1, As is directed along the tangent to the curve. Vector rgs (As?/2) (As? > 0) is
directed along the normal to the curve and determines the deviation of the curve from
the tangent. The curve and the osculating circle are in tangency of second order and
therefore the deviation of the osculating circle and the curve from the tangent are the
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same. Therefore, the deviation of the curve from the tangent is directed to point C, the
center of curvature of the curve.

Step 4: Vector m has the same direction as r,s(As?/2). Thus, m is such a unit normal
to the planar curve that is always directed to the curvature center of the curve at a
regular point of the curve. Statement (b) is proven.

Using Taylor’s expansion (4.4.11) with at least three members, we can visualize the
deviation of the curve from the osculating circle. Such a deviation is represented by vector
I (As3/6), where As is positive for point N and negative for point N’ [Fig. 4.4.1(b)].
This means that the deviation of the curve from the osculating circle is of different sign
for points N and N'. The deviation is zero at point M.

Frenet Equations

Consider two trihedrons (t, m, b) and (t', m’, b) that are located at neighboring points
M and N of the curve (Fig. 4.4.2). The motion of trihedron (t, m, b) which has to
coincide with trihedron (t, m’, b) may be represented as a motion of two components:
(1) translation along the curve from M to N (unit vectors t, m, b of the trihedron keep
their original directions), and (2) rotation about b (then, trihedron t, m, b will coincide
with trihedron t', m’, b).

We designate the angle of rotation about b as

da=dab. (4.4.12)

The displacement of the tips of vectors m and t is represented by the following equa-
tions:

t m b
dm=daxm=|0 0 da|=-dat (4.4.13)
0 1 0
t m b
dt=daxt=|0 0 do|=dam. (4.4.14)
1 0 O

Equations (4.4.13) and (4.4.14), taking into account that da/ds = «, yield
m, =—«kt (4.4.15)

to =k m. (4.4.16)
Equations (4.4.15) and (4.4.16) are known as Frenet’s equations.
Curvature of curve represented by vector function r(s)

Henceforth, we consider that the curve is represented in plane (x, y) and vectors of

Egs. (4.4.15) and (4.4.16) can be represented as
m, =M, 1+ Mgy, t=rs =21+ Y] (4.4.17)
ts:r55:xssi+yssja m:mxi+myi o

where i and j are the unit vectors of axes x and y, respectively.
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Equation (4.4.15) yields the following equations for determination of the curve

curvature:
K= —mg -t (4.4.18)
(recall that t is a unit vector)
o= s My (4.4.19)
Xs Vs
Equation (4.4.16) yields the following equations for determination of curvature «:
K =Tg -m (4.4.20)
K = |rss| = |rs X Tl (4.4.21)

The derivation of Eq. (4.4.20) is based on the following procedure.

(i) Consider Eq. (4.4.16) and take into account that m is a unit vector. Then, we obtain

d

=—@©m (4.4.22)

K=1t;,-m

Here,
d
ds
(ii) Equations (4.4.22) and (4.4.23) yield Eq. (4.4.20).

The derivation of Egs. (4.4.21) is based on the following considerations.

(t) = 1. (4.4.23)

t=r,,

(a) Taking into account that m is a unit vector, we obtain from Eq. (4.4.16) that

K = |ts| = |rss]. (4.4.24)
(b) Equations (4.4.10) for determination of unit vector b yield

Irss| = |rs X rgg). (4.4.25)
(¢) Equations (4.4.24) and (4.4.25) confirm Eq. (4.4.21).

We emphasize that the curve curvature determined by Egs. (4.4.18), (4.4.19), (4.4.20),
and (4.4.21) is always positive. The direction of the curvature radius MC [Fig. 4.4.1(b)]
is the same as that of the unit normal m(s).

Curvature of parametric curve represented by vector function r(6)
Usually, a planar curve is represented in parametric form by the vector function r(9).
Our goal is to derive equations for the direct determination of the curve curvature « ()
and the unit vectors t(6), m(6), and b(6).

It can be proven that the curvature of the curve r(6) may be represented by the
following equations:

k() = — (4.4.26)

k(@) = —ox — 0y (4.4.27)
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«(0) = - m0) (4.4.28)
|ta|

)= tox_ _ oy (4.4.29)

T |77 |r6|my

(o) = o X ool (4.4.30)
|to]

c(o) = "0 (4.4.31)
Iy

The derivation of Egs. (4.4.26) to (4.4.31) is based on the following procedure.

(i) We consider that the planar curve is represented by vector function r(s(9)), where
s is the arc length.
(ii) Differentiating the previously mentioned vector function, we obtain the auxiliary

relations
ds
rg =T ¥TE (4.4.32)

Here,

ds

5= Irg| because |rg| =1 (4.4.33)

2 2
Tgp = I (j—;) + 15 (%) . (4.4.34)

It is easy to verify that

Ig X I'gg Ty X Tgg

<d_s)3 TR
do

(iii) Using Egs. (4.4.15) and (4.4.16), and auxiliary relations (4.4.32) to (4.4.35), we
obtain after transformation the represented Egs. (4.4.26) to (4.4.31).

(4.4.35)

Iy X Igs =

We emphasize that curvature « in the derived equations is always positive, and the
orientation of vector MC of the curvature radius is the same as that of vector m(6). The
orientation of unit vectors t(8), b(#), and m(6) for the Frenet trihedron is represented
by the following equations:

f) = ~2 (4.4.36)
|ro|
g) = Lo Xt (4.4.37)
[ty X Tog|

m(0) = b(6) x t(p) = LX) X To. (4.4.38)
|rg X Togllre]

We have used for derivation of equation b(6) expression (4.4.35) and Eq. (4.4.10).



74 Planar Curves

It is important to recognize for further discussions that vector m(@) has the same
direction as rss and forms an acute angle with rgg. The inequality

tgo -m(0) > 0 (rgs £ 0, m(8) % 0) (4.4.39)
follows from Eq. (4.4.34) which yields

2
Tgg - Tgs = I, (j—;) = (r%) - (r7) > 0. (4.4.40)
Recall that r, - rgs = 0 because these vectors are perpendicular. Vector m has the same
direction as rs;.

The most effective equations for determination of the curve curvature are Eq. (4.4.30)
and the modified Eq. (4.4.31) (see below). Other equations from the set of (4.4.26) to
(4.4.29) are more complex because they require the determination of complex deriva-

tives my = (d/d0)(m), ty = (d/d6)(t).

Modification of Eq. (4.4.31)
The modification is based on representation of the unit normal n to the planar curve by
the vector equation

no KXTo (4.4.41)
|rq]
or by
no lexk (4.4.42)
|rg]

Here, k is the unit vector that is perpendicular to plane (x, y) where the curve is repre-
sented. Vector Egs. (4.4.41) [or (4.4.42)] determine the unit normal to the planar curve
as a unit vector that is perpendicular to the tangent to the curve and lies in plane (x, y).
Vector n may coincide with m or be opposite to m. This means that the direction of n
might coincide or be opposite to the curvature radius MC [Fig. 4.4.1(b)]. The modified
Eq. (4.4.31) is represented as

Tpp - N
0) = .
K(0) 2

(4.4.43)

Equation (4.4.43) determines the curvature « as an algebraic value. The positive (neg-
ative) value of « indicates that the curvature center lies on the positive (negative) value
of the unit normal n. This rule works for both representations of the unit normal n by
vector Eqs. (4.4.41) or (4.4.42).

It is easy to verify that the direction of n with respect to m can be determined with
the sign of the scalar product m - n: the positive (negative) sign of n indicates that n has
the same (opposite) direction as m. Let us assume that the unit normal n is determined
with vector Eq. (4.4.42). Using Eqgs. (4.4.42) and (4.4.38) we obtain

m_n:[(fexree)Xfe]'(fQXk). (4.4.44)

|t X Tgg|13
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Equation (4.4.44) yields (see vector algebra)

_1pg - (rg x k) xgoye — Yoo
[t X rgg] [Voox9 — X006 Yol

(4.4.45)

The direction of n determined by Eq. (4.4.42) coincides with the direction of m, if

X90Yo — YooXg > 0. (4.4.46)

Representation of Eq. (4.4.43) in terms of velocity and acceleration

Consider that the planar curve is represented by vector equation r(#). The velocity v, and
acceleration a, of a point that moves along the curve are represented by the following
equations:

do
Ve = (X0 1430 1) ( )
: (O Coode
a, = (Xgg 1+ Ypo J) E + (%0 14 ¥y ])F =a,’ t+a’. (4.4.48)

The subscript “r” indicates that the point moves along the curve, performing a relative
motion with respect to the curve. The superscripts “»” and “¢” indicate the normal and
tangential components of the acceleration. Equations (4.4.43), (4.4.47), and (4.4.48)
yield as the equation for the determination of the curve curvature,

(n)
a,-n a, -n

K = = : (4.4.49)

because a”) - n = 0. It is easy to verify that Eqs. (4.4.43) and (4.4.49) are identical.

Curvature of curves represented by explicit or implicit functions
Consider that the curve is represented as

y(x) e C?, x1 <x <x: (4.4.50)
or
F(x,y)=0, F eC?* |F|+|Fy#0. (4.4.51)
Recall that the curvature is represented by
da
= . 4.4.52
k= ( )
For the curve given by function (4.4.50), we have
d
tana = 22—y, (4.4.53)
dx

ds = \/dxz +dy? = \/1 + yZdx. (4.4.54)
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Differentiating Eq. (4.4.53), we get

2
ﬁ o= %dx = Yurdx
and
doa = cos® a yyedx = éyxxdx = Y dx
1+ tan?a (1+y2)
Equations (4.4.52), (4.4.54), and (4.4.55) yield

YVxx

T (TP

For the curve represented by Eq. (4.4.51), we get
F.dx + F,dy = 0.

Assuming that F, # 0, we get

dy  F,
dx F,
d?y  2F.F,F. — F2F,, — F,.F}
dx? F3
2F.F,F, — F2F,, — F,, F2
K =

32
(F:+F})

While differentiating Eq. (4.4.57), we have considered that

Fy = Fi(x,y), Fy=Fyx,y)
and
9 dy Fy
a(F) Fxx+nyd Fxx_nyF_y
0] F,
a(F ) = Fyx+Fyyd = Fy, Fny—y.

Problem 4.4.1
An involute curve is represented by the equations

x1 = p(sing —¢cos¢),  y1=p(cos¢ + ¢sing)

Planar Curves

(4.4.55)

(4.4.56)

(4.4.57)

(4.4.58)

(4.4.59)

(4.4.60)

where ¢ is the curve parameter. These equations can be derived from Egs. (1.6.4) for an
extended involute curve taking that the tracing point M belongs to the rolling straight
lineand a = |AM,| = 0 (Fig. 1.6.2); p is the radius of the base cylinder. The unit normal

to the involute curve is represented as

n=txk

(4.4.61)



4.4 Curvature of Planar Curves 77

where k is the unit vector of the z axis; tis the unit tangent to the planar curve. Determine
the curvature of the involute curve by using Eq. (4.4.43).

Solution

K= 1 (provided ¢ # 0).
o

Problem 4.4.2

An extended epicycloid (Fig. 1.6.1) is represented by Egs. (1.6.2). Consider an ordinary
epicycloid [take @ = |O> M| = p, in Egs. (1.6.2)]. The unit normal to the epicycloid is
represented by Eq. (4.4.61). Determine the curvature using Eq. (4.4.43).

DIRECTION: Express after transformations the tangent Ty to the epicycloid as follows:

Tx1 = 2sin % |:sin (¢1 + %)] E

(4.4.62)
Ty1 = 2sin % |:COS ((;51 + %)] E.

Solution

K= Pt 20 (provided ¢, # 0).

4p2(p1 + p2) sin 72




5 Surfaces

5.1 PARAMETRIC REPRESENTATION OF SURFACES

Parametric representation of a surface means that the position vector of a current surface
point is associated with two variable parameters # and 6 and is represented by the
following vector equation:

r(u,0) = f(u,0)i+gu,0)j+s(u, ok (5.1.1)
Here, 1, j, and k are the unit vectors of the coordinate axes; functions
f(u,0) =x(u,0), gu6)=ywub), sub)=z@uo) (5.1.2)

determine the Cartesian coordinates of the surface points if # and 9 are given.

We may imagine a rectangle G in the plane of parameters (u, 8) (Fig. 5.1.1). Vector
equation (5.1.1) sets the correspondence between the given point of the rectangle G
and the single point r(x, 6) of the surface. Generally, one-to-one correspondence is not
guaranteed; it may happen that the given surface point r(u#, 6) corresponds to more than
one point of the rectangle G. A surface with one-to-one correspondence between the
set of parameters (#, 0) and the position vector r(u, 0) is called a simple surface. Such a
surface does not have points of self-intersection.

5.2 CURVILINEAR COORDINATES

Parameters (u, 0) are called curvilinear coordinates (Gaussian coordinates) on the sur-
face. Consider that one of the curvilinear coordinates is fixed, for instance 6 = 6, and
the other one (u) is varied. Then, equation

r(u, 0y) = x(u, Oo)i + y(u, 6p)j + z(u, 9p)k (5.2.1)

represents a line on the surface that is called the # line. Similarly, by setting # = u, we
may determine by r(ug, 6) the 6 line on the surface. Thus, the surface may be covered
with # lines and 6 lines, as shown in Fig. 5.2.1.

78
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Surface ¥

Figure 5.1.1: Mapping of a surface.

Plane P of parameters (u,d)

5.3 TANGENT PLANE AND SURFACE NORMAL

Consider that point My is fixed on the surface and the position vector of this point is
represented by r(u, 6p). A neighboring point M is represented by

r(u,0) =r(ug + Au, 6y + A6).

Figure 5.2.1: Coordinate lines on a sur-
face.

T(u, 01) r(u, 6)
r(u, 63)
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Figure 5.3.1: Regular and singular sur-
face points.

The location of M with respect to My depends on the chosen set of Ax and A§. Draw
a ray from point My to point M. This ray intersects the surface, and the orientation of
this ray depends on the ratio Au/A 6. The position of the ray when point M approaches
Mo [when (u, 6) approaches (ug, 6y)] is called the limiting position of the ray [Zalgaller,
1975]. The ray at its limiting position is tangent to the surface. Because the location
of M with respect to My depends on (Au, AG), there is a set of points M within the
neighborhood of My; there is also a set of limiting rays that are drawn from My and
that are tangents to the surface. We say that a surface has a tangent plane at My if the
set of limiting rays fills in a plane.

Figure 5.3.1 shows three types of sets of limiting rays. In the first case, the set of
limiting rays fills in a plane P that is tangent to the surface at point M [Fig. 5.3.1(a)].
In the second case [Fig. 5.3.1(b)], two branches of the surface have a common line, L,
the so-called edge of regression. The set of limiting rays that are drawn from point M
of L fills in only a half-plane that is limited with the tangent T drawn to L at point M.
In the third case [Fig. 5.3.1(c)], point M is the cone apex, and the set of limiting rays
fills in the cone surface; the tangent plane at M does not exist.

A surface point at which the set of limiting rays fills in a full plane is called a regular
point. The surface at such a point has a tangent plane. A surface point at which a tangent
plane does not exist is called a singular point. The tangent plane P to a surface (if such
a plane exists) is determined by the pair of vectors r, and r, that are tangents to the
u-line and the 0-line, respectively (Fig. 5.3.2). It is assumed that r, # 0 and ry # 0 and
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Figure 5.3.2: Surface tangent plane.

that vectors r,, and ry are not collinear. The tangent plane P at the surface point (), 6p)
is represented by the equation

A-(r, xry) =0. (5.3.1)
Here,

A =R —r1(uo, ) = MM .

Position vector R is drawn from the same origin as r(u¢, 8y) to an arbitrary point M* of
the tangent plane. Equation (5.3.1) yields that vector A = MM lies in the plane drawn
through vectors r,, and ry taken at point r(u¢, 6y). The surface normal N is perpendicular
to the tangent plane P and is represented by the equation

N=r, X 4. (5.3.2)

The direction of the surface normal depends on the order of factors in the cross
product (5.3.2). The surface normal may be expressed in terms of projections on the
coordinate axis by

i ik
N=|x v 2u|=|" z’”i z ’; ' z Yul k., (5.3.3)
X0 Yo 2o Yo 0 0 0 o Yo
The unit normal is represented by
N N.,. N,. N,
NN TINTTN

provided |N| = (N2 + N)% + sz)l/z # 0. The surface point r(#g, ) is a singular one if
r, xryg =0. (5.3.5)

A singular point at a surface appears if at least one of the vectors in the cross product
(5.3.5) is equal to zero or if the vectors are collinear.
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5.4 REPRESENTATION OF A SURFACE BY IMPLICIT FUNCTION

The equation
F(x,y,z)=0 (5.4.1)

may represent a surface or just a set of points. To represent a surface, Eq. (5.4.1) must
be complemented with the following additional requirements:

FeC',  |Fil+|Fyl+|F|#0 (5.4.2)

or
FecC!, FZ+ F;+F?#0. (5.4.3)

Equation (5.4.1) with requirements (5.4.2) or (5.4.3) represents a simple and regular
surface locally, in the neighborhood of point M,(x,, o, 20), Wwhose coordinates satisfy
Eq. (5.4.1). A surface point is singular if

F,=F,=F,=0. (5.4.4)
A tangent plane at a regular surface point is represented by the equation
Fx(x0, y0, 20)(X — x0) + Fy(x0, Y0, 20)(Y — y0) + Fz(x0, Y0, 20)(Z — z0) = 0. (5.4.5)

Here, X, Y, and Z are the coordinates of a point in the tangent plane P (point M* in
Fig. 5.3.2); x0, y0, and z¢ are the coordinates of the surface point M; the derivatives F,,
F,, and F; are taken at M.

The surface normal N at the point (x, yo, z0) is

N = F.(x0, y0. 20) 1+ Fy(x0, y0. 20)j + Fz(x0, 0. 20) k. (5.4.6)

The surface unit normal n is
0o Fii+ Fyj+ Fk
B m

(5.4.7)

where m = (F? + F; + F2)'/2,

5.5 EXAMPLES OF SURFACES

A ruled surface represents a family of straight lines. Such a surface may be gener-
ated by a certain motion of the generating straight line (Fig. 5.5.1). The simplest cases
of ruled surfaces are: a cone surface and a cylinder surface (they are generated by a
straight line that rotates about a fixed axis), the surface of a screw (the Archimedes
screw surface), and the surface of a helical involute gear (the involute screw sur-
face). The last two surfaces are generated by the screw motion of a straight line (see
below).

Generally, the direction of a unit normal to a ruled surface changes its orienta-
tion while the surface point moves along the straight line L (Fig. 5.5.1). An excep-
tion to this rule is a developable ruled surface that may be developed on a plane.
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Ruled surface

/

n

Figure 5.5.1: Ruled surface.

The direction of the surface unit normal for a developable ruled surface is the same
for all points of a surface straight line. Typical examples of ruled developable sur-
faces are the cone surface, the cylinder surface, and the involute screw surface (see
below).

Surface of Revolution

This surface (Fig. 5.5.2) may be generated by rotation of a planar curve L about the
z axis; curve L is located in a plane drawn through the z axis. Consider that the pla-
nar curve L, which generates the surface of revolution, is represented in the auxiliary
coordinate system S, [Fig. 5.5.3(a)] by the equations

xa = f(6), ya =0, 2. = g(0). (5.5.1)

The auxiliary coordinate system rotates about the z axis and the coordinate trans-
formation from S,(x,, ¥4, 24) to S(x, y, z) [Fig. 5.5.3(b)] is represented by the matrix
equation

x cosy —siny 0 O X,
BRI 552
1 0 0 0 1 1
Equations (5.5.1) and (5.5.2) yield
x = f(0)cos, y = f(0)siny, z=g(0) (5.5.3)

where 0 < <6 and 0 <y < 2m.



84

Surfaces

RS N

\

e ———

IR
__;.I__\__\.

P W N ¥

Y

Figure 5.5.2: Surface of revolution.

Problem 5.5.1

Consider the surface of revolution represented by Egs. (5.5.3). Determine (1) equations
of the 0 lines and v lines and explain their geometric essence, and (2) equations of the
surface normal N and the surface unit normal n.

Solution

(1)

The 0 line is represented by the equations
x = f(0)cos vy, y = f(8)sin vy, z=g(0) (5.5.4)

(here, ¥, = constant) and is located in the plane that passes through the z axis and
makes an angle ¥ = v with the x axis (Fig. 5.5.2). The 1 line is represented by
the equations

x=f@)cosy,  y=fleo)siny,  z=g(y). (5.5.5)
Equations (5.5.5) represent a circle of radius
p=(x*+y%)"% = f(f)

which is located in the plane z = g(6y) and centered on the z axis.
Using the cross product ry X ry, the surface normal may be represented as
follows:

Ny =—f(0)g'(0)cosy, Ny =—f(0)g'(0)siny,  N.= f(0)f'(0). (5.5.6)
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z(l
L
T 0o
Figure 5.5.3: Generation of surface of revolution: ~ (a) 2%
(a) representation of planar curve L; (b) coordinate
systems S, and S.
x Y
0,0q
Lo
(b) Yy Ya
The unit normal is (provided f(6) # 0)
g'(0)cos ¥ g'(0)sinyr 1'(0)
7lx=_7A ) ny = — s ny = A (5.5.7)
where
RoFORP+EOP  FO=-5f6),  g0)=-cg(o)
’ do ’ do '

Spherical Surface
This surface (Fig. 5.5.4) is a particular case of the surface of revolution. The generating
planar curve L is a circle of radius p centered at the origin O of the coordinate system
S(x, v, z). The spherical surface is generated by the circle in rotational motion about
the z axis; L; and Lj; are two positions of the generating circle, and v is the angle of
rotation about the z axis.

Consider again an auxiliary coordinate system S,,, rigidly connected to the generating
circle (Fig. 5.5.5). The generating circle is represented in the coordinate system S, by
the equations

X, = pcoso, . =0, 2, = psing. (5.5.8)
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Figure 5.5.4: Spherical surface.

Using matrix equation (5.5.2) and Eq. (5.5.8), we represent the equations of the spherical
surface as

X, = pcosbcos i, Ya = pcosfsin iy, 2, = psind (5.5.9)
where 0 < 6 < 2w and 0 < ¢ < 2x. The surface normal vector N = ry x 1y, is given by
N, = —p? cos* 6 cos ¥, N, = —p*cos’Osiny, N, =—p’cosfsinfh. (5.5.10)

The normal N is equal to zero with cos8 = 0. Thus, points M; and M, (Fig. 5.5.4) are
singular.

We must differentiate between singular and pseudosingular points of a surface. Pseu-
dosingular points appear only as a result of the chosen parametric representation, and
they become regular by changing the parameters of representation. To prove this, let us
consider that the spherical surface is generated by circle L* in rotational motion about

Figure 5.5.5: Generating circle.

Ya
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y(l Z(l
Figure 5.5.6: Generation of spherical sur- (a)
face: (a) representation of circle of radius p Z
in S;; (b) coordinate systems S, and S. ¢
£ P R 0,04
Ya
Y

(b)
the x axis (Fig. 5.5.4). Circle L* is represented in the coordinate system S, [Fig. 5.5.6(a)]
by the equations
X, =pcosu, y,=psinu, z,=0. (5.5.11)

The coordinate transformation in transition from S, to S [Fig. 5.5.6(b)] is represented
by the matrix

x 1 0 0 0 X,
L1=10 e s o2 ] (5:5.12)
1 0 0 0 1 1
Equations (5.5.11) and (5.5.12) yield
X =pcosu, y = psinu cos ¢, Z = psinusing. (5.5.13)

The surface normal N* is given by

N*=r, x1y = p? sin u(cos ui + sinu cos @j + sinu sin k). (5.5.14)
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Surface points Dy and D (Fig. 5.5.4), which correspond to sinu = 0, are singular
because at these points N* = 0. All other surface points, including points M; and M,
(Fig. 5.5.4), are regular. We may see that the singularity of surface points M; and M,
which results from the parametric representation (Eq. 5.5.9), disappears when the new
parametric representation (Eq. 5.5.14) is employed. But, at the same time, the singularity
of surface points Dy and D, occurs.

Actually, a spherical surface does not have singular points; that is, the normal to the
surface has a definite direction at all surface points. This direction of the normal at
pseudosingular points such as My and M, and D; and D, may be determined by using
a new parametric representation.

Considering the parametric representation (Eq. 5.5.13) and the equation of the surface
normal (Eq. 5.5.14), we find that the surface unit normal is (provided sin # # 0)

*
*

n* = N = cosui + sinu cos ¢j + sin u sin ¢k. (5.5.15)

Cone Surface

This surface may be generated by a straight line L in rotation about an axis with which
line L forms an angle v, (the x axis in Fig. 5.5.7). Curvilinear coordinates of the cone
surface are 6 and # = | AM|, where A is the cone apex. Equations of the cone surface are

X = pcoty, —ucosy,, Yy =usiny,sinf, z=wusiny.cosf (5.5.16)

where 0 <u <uyand 0 <6 < 2.

Figure 5.5.7: Cone surface.
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x(l
A
Ye
M
0(1 Zq
(a) g

Figure 5.5.8: Cone generation: (a) rep-
resentation of generating straight line L T, La
in S,;; (b) coordinate systems S, and S.

0, 0q Z

Zq

Yo )

(b)

Equations (5.5.16) may also be derived using the following considerations:

(1) The generating straight line L is represented in the auxiliary coordinate system S,
[Fig. 5.5.8(a)] by the equations

X; = pcoty, — ucos iy, v, =0, Zs = usiny,. (5.5.17)
(2) The coordinate transformation in transition from S, to S [Fig. 5.5.8(b)] is

1 0 0 O Xg

|0 cos® sing O Va
10 —sin® cosh® 0 2w | (5.5.18)

0 0 0 1 1

—a e R

Equations (5.5.17) and (5.5.18) yield Egs. (5.5.16).

A cone surface is an example of a developable ruled surface. The cone normal and its
unit normal may be represented by

N =r, X 1y = —usin . (sin i + cos ¥, sin0j + cos V. cos 6k) (5.5.19)

n= % = —(sin Y1 + cos ¥, sin 0j + cos ¥, cos k) (by usiny. # 0). (5.5.20)
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Equations (5.5.20) yield that the surface unit normal n is a function of only one
curvilinear coordinate, 6. Consequently, the surface unit normals are the same for
all points of the straight line L (Fig. 5.5.7). The cone apex, which corresponds to
u = 0, is the singular surface point. This result comes from Eq. (5.5.19), where N =0
when # = 0.

Helicoid

A helicoid is a surface that is generated by a line in a screw motion. The generating line
may be a curve or a straight line. Helicoids are widespread in the field of gears. Surfaces
of helical gears and cylindrical worms of worm-gear drives are helicoids.

General Equations of a Helicoid

Consider a screw motion of a planar curve L such that the axis of screw motion is
perpendicular to the plane of L. In this motion, curve L generates a helicoid. Let us
represent curve L in an auxiliary coordinate system S, by the equations [Fig. 5.5.9(a)]

X, =14(0)cosb, Yo =7,(60)siné, 2, =0 (5.5.21)

wherer, = |O, M|and 6; < 6 < 6,. The axis of screw motion is the z axis [Fig. 5.5.9(b)],
and the screw parameter is . The screw parameter b represents the displacement along

L - helicoid 9
cross section

Ya

Figure 5.5.9: Generation of helicoid: (a)
(a) representation of planar curve L in S,; (b)
coordinate systems S, and S.

Yo
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the z axis, which corresponds to the rotation about z through an angle of one radian.
The sign of b is positive for a right-hand screw motion.

Coordinate transformation in transition from S, to S is represented by the matrix
equation

x cosyy —sinyy 0 O X,
y | | siny cosyy O O Ya
.= 0 0 1 by . (5.5.22)
1 0 0 0 1 1

Equations (5.5.21) and (5.5.22) yield
x =7,(0)cos(0 + V), y =7,4(0)sin(6 + ¢), z=hy (5.5.23)

where 01 <0 <6, and 0 < ¢ < 27.
The helicoid normal is

_or 9 ar  r.(0)
90 T 9y sinu

[ sin(6 + e + )i — b cos(0 + Ve + p)j +74(0) cos pk]

(5.5.24)

where

= arctan (ﬂ>
m= dr,(6)/d6 )
The helicoid unit normal is [provided 7,(9) # 0]
N 1 ) . .
n=— N = m[b Sln(@ + w + M)l — //JCOS(@ + w + //L)] +7a(8)COSMk].

(5.5.25)

Helicoid with Ruled Surface
A helicoid with a ruled surface is generated by a screw motion of a straight line L.
The axis of screw motion and the generating line may form a crossed angle or they
may intersect each other. Two coordinate systems S, and S, rigidly connected to the
generating line L [Fig. 5.5.10(a)] and a coordinate system S in which the helicoid is
represented [Figs. 5.5.10(b) and 5.5.10(c)] are given. The coordinate system S, performs
a screw motion with respect to S, and z is the axis of the screw motion. Each point
of coordinate system S, generates in the screw motion a helix on a cylinder. Point M
generates a helix on the cylinder of radius O, M = p, and MT is the tangent to the helix
at point M [Figs. 5.5.10(a) and 5.5.10(b)]. We consider two lines MT and MN rigidly
connected with each other. Line MN is the generating line which, while performing a
screw motion, generates the helicoid.

We may derive the helicoid equations by using the rules of coordinate transforma-
tion. Consider that the generating line is represented in coordinate system S; by the
equations

xp =0, Yb = 1 COS$, Zp = —usiné (5.5.26)
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Ly

Figure 5.5.10: Generation of ruled helicoid: (a) representation of generating line L in S, and Sp;
(b) representation of helix on cylinder of radius p and tangent MT to helix and generating line M N
(c) coordinate systems S, and S.

where # = MN. The coordinate transformation from S, to S is represented by the
matrix equation

r= MOaMabrb
x cos@ —sinf 0 O 1 0 0 p Xp
y| _|[sinf cos® O O 01 0 0 Vb
z| | O 0 1 ho |0 0 1 0]z |’ (5.5:27)
1 0 0 0 1 0 0 0 1 1

Equations (5.5.26) and (5.5.27) represent the equations of the helicoid surface as fol-
lows:

r=(pcos —ucosdsinf)i+ (psind + ucosdcosh)j+ (h0 —usind)k. (5.5.28)

Vector equation (5.5.28) represents a ruled surface. The # line (surface parameter 6
is considered fixed) represents a straight line, and the 6 line represents a helix. Vector
equation (5.5.28) is a general equation of a helicoid. In a particular case, Eq. (5.5.28)
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may represent a helicoid with a ruled surface if the generating plane curve L is given as
a cross section of a helicoid with a ruled surface.
The normal to the helicoid with the ruled surface (Eq. 5.5.28) is
ar  Or

=— x — =[(hcoss+ psind)cosd — ucosdsindsinfi
ou 960

+[(h cos 8 + psind)sin® + u cos§sind cosO]j + u cos* S k. (5.5.29)

The unit normal is

N
n——=

5.5.30
N ( )

I1Z

where

m* = (h cos 8 + psin8)? + u® cos® 8. (5.5.31)

There are two particular but important cases of helicoids with ruled surfaces. In
the first case, the generating line L coincides with the tangent T to the helix on the
cylinder surface. The straight line L generates a helicoid, an involute screw surface.
We may obtain equations of such a surface from Eq. (5.5.28) by setting § = —2,
[Fig. 5.5.10(a)]. This yields

r=(pcosd —ucosk,sinb) i+ (psind +ucosi,cosb)j+ (b +usini,) k.
(5.5.32)

Equations of the normal N and unit normal n to this surface may be derived from
Egs. (5.5.29), (5.5.30), and (5.5.31) by making § = —, where tani, = h/p. We then
obtain

hcosé+ psind =hcosh, —psink, =0 (5.5.33)
m? = (b cos$ + psind)? + u? cos® § = u’ cos’ Ap (5.5.34)

and
N =ucosi,(sink,sinf i —sini, cosd j + cos A,k). (5.5.39)

With # cos A, # 0, all points of the screw involute surface are regular, and the equation
of the unit normal at these points is

n =sinA,(sind i — cosé j) + cos k. (5.5.36)

The direction of the unit normal n does not depend on the surface parameter . This
means that the unit normals have the same direction for all points of the generating
straight line L, and the involute screw surface is a ruled developable surface.

The second particular case of a helicoid with a ruled surface is the Archimedes screw
surface. This surface is generated by a straight line that does not cross but does in-
tersect the axis of screw motion. The Archimedes screw surface is applied not only
for worms but also for screws that are cut by straight-edged blades. The equation of
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the Archimedes screw surface may be derived from Eq. (5.5.28) by setting p = 0. This
yields

r=wucosd(—sinfd i+ cosbj)+ (h0 —usind) k. (5.5.37)

Equations of the normal N may be derived from Eq. (5.5.29) by setting p = 0 and
dividing all three normal projections by a common factor cos$ (with the assumption
that § # 90°). This yields

N = (hcosf® —usindsinf) i+ (hsinf + usindcos®)j+ ucosd k. (5.5.38)

The unit normal n is

n= N (5.5.39)
m
where
m = (h* + u?)/2. (5.5.40)

The orientation of normal N to the Archimedes screw surface depends on the location of
the point on the generating straight line (depends on #). The Archimedes screw surface
is not a developed surface but a ruled surface.

Relationship Between Helicoid Coordinates and the Surface
Normal Projections
This relationship proposed by Litvin [1968, 1989] may be represented as follows:

yN; — xN, — hN, = 0 (5.5.41)
yn, — xny, —bn, = 0. (5.5.42)

This statement may be confirmed by substituting in Eqs. (5.5.41) and (5.5.42) the heli-
coid coordinates and projections of the surface normal N and the surface unit normal
n with the previously derived expressions of helicoids.

The kinematic interpretation of Egs. (5.5.41) and (5.5.42) is based on the following
suggestions. Consider the screw motion of a helicoid. The screw parameter 4 in this
motion is the same as the screw parameter of the helicoid. A fixed point of the helicoid
traces out a helix, and the velocity vector in screw motion v is a tangent to the helix.
The helix belongs to the helicoid, and the velocity vector v is a tangent to the helicoid.
Consequently, the following equation must be observed:

n-v=N-v=0. (5.5.43)

The velocity vector in screw motion may be determined by the equation

i j k
v=(wox1r)+ho=0 0 ow|+hok=w(-yit+xj+hk). (5.5.44)
x vy z

The surface normal and the surface unit normal are represented as

N=N,i+ N, j+ Nk, n=n.i+nj+mnk (5.5.45)
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Equations (5.5.43), (5.5.44), and (5.5.45) yield relations (5.5.41) and (5.5.42). In the
case of a surface of revolution with the z axis as an axis of rotation, we have to use in
Egs. (5.5.41) and (5.5.42) the screw parameter b = 0.

Cross Section of a Helicoid

The cross section of a helicoid is formed by cutting the surface with a plane perpen-
dicular to the z axis, the axis of screw motion. This section may be represented by the
equations of the helicoid and the equation z = ¢, where ¢ is a constant. To simplify
transformations, we may set z = 0. The cross sections of a helicoid corresponding to
z = 0 and z = ¢ represent the same plane curve in two positions. One cross section will
coincide with the other after rotation about the z axis through the angle

C
y=1 (5.5.46)

Let us determine the cross section of the helicoid (Eq. 5.5.28) that is cut by the plane

z = 0. Using the relation
h
u=—-o~0 (5.5.47)
sin §
we get

x = pcosh —Osinbh cots, y = psin® + 0 cosOh cot S, z2=0. (5.5.48)
In polar form the cross section may be represented as
r(0) = (x> +y*)"/* = [p* + (0h cot §)*]'/

y ptanf +0bhcots
tang = = = .
x p—0tandhcots

(5.5.49)

Here, g is the angle that is formed by the position vector r(#) and axis x.

The cross section is an extended involute. The generation of such a curve is shown
in Fig. 5.5.11. Consider that a straight line S rolls over a circle of radius O A = b cot .
Point B, whose location is determined by

|AB| = |AO|+|OB|=hcots +p

is rigidly connected to the straight line S (Fig. 5.5.11). The instantaneous position of
the rolling straight line S is TA*; B* is a point of the extended involute that is traced
out by point B considered above.

Problem 5.5.2

Consider the cross section of an involute screw surface (Eq. 5.5.32) formed by cutting
the surface with plane z = 0. Prove that the cross section represents an involute curve
corresponding to the base circle of radius p, and express the polar radius 7 (9) in terms
of 0 and p.

Solution

r(0) = p(1 +6%)12 (ptani, = h).
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Figure 5.5.11: Generation of extended involute.

Problem 5.5.3

Consider the cross section of an Archimedes screw surface (Eq. 5.5.37) cut by the plane
z = 0. Prove that the cross section represents Archimedes spiral, and express the polar

radius 7 (9) in terms of 6,

Solution

b, and $.

7(0) = 0h coté.



6 Conjugated Surfaces and Curves

6.1 ENVELOPE TO A FAMILY OF SURFACES: NECESSARY CONDITIONS
OF EXISTENCE

Introduction

Consider coordinate systems Si, S», and S/ that are rigidly connected to gears 1, 2, and
frame [ (gear housing), respectively. Gear 1 is provided with a regular surface ; that
is represented in S; as follows:

a9
r1(1, 6), % x % £0, (u,0)€E. (6.1.1)

The gears must transform prescribed motions (say, rotations about crossed axes)
and stay in line contact at every instant. The location and orientation of gear axes
and function ¢;(¢1) are given. Here, ¢, and ¢ are the angles of rotation of the
driven and driving gears. The required type of contact of gear tooth surfaces (at a
line at every instant) can be provided if the tooth surface of gear 2 is determined
as the envelope to the family of surfaces, X4, that is generated in S, by surface
2.

The theory of enveloping is represented in differential geometry by Favard [1957]
and Zalgaller [1975], and in the theory of gearing by Litvin [1968, 1989, 1994] and
Sheveleva [1999].

Henceforth, we consider the necessary and sufficient conditions of existence of X,.
The necessary conditions of existence of ¥, provide that ¥, (if it exists) is in tan-
gency with ¥1. The sufficient conditions of existence of X, provide that ¥, is indeed
in tangency with X1 and that X, is a regular surface. We